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We present in detail a four-dimensional unified quantum theory. In this theory, we identify three
class of parameters, coordinate-momentum, spin and gauge, as all and as the only fundamental
parameters to describe quantum fields. The coordinate-momentum is formulated by the general
relativity in four-dimensional space-time. This theory satisfies the general covariance condition and
the general covariance derivative operator is given. In a unified and combined description, the
matter fields, gravity field and gauge fields satisfy Dirac equation, Einstein equation and Yang-Mills
equation in operator form. In the framework of our theory, we mainly realize the following aims:
(1) The gravity field is described by a quantum theory, the graviton is massless, it is spin-2; (2) The
mass problem of gauge theory is solved. Mass arises naturally from the gauge space and thus Higgs
mechanism is not necessary; (3) Color confinement of quarks is explained; (4) Parity violation for
weak interactions is obtained; (5) Gravity will cause CPT violation; (6) A dark energy solution of
quantum theory is presented. It corresponds to Einstein’s cosmological constant. We propose that
the candidate for dark energy should be gluon which is one of the elementary particles.
PACS numbers: 00., 12.10.-g, 03.65.-w, 04.60.-m, 11.15.-q, 95.36.+x
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I. INTRODUCTION
Quantum mechanics and the relativity theory [1, 2] are well-known great discoveries in the last century. Both of
them are so successful that they play the central roles in modern science and even in our life. In quantum mechanics,
in order to explain a finer structure in the spectrum of hydrogen atom due to the spin of the electron, Dirac [3]
introduced his equation, the Dirac equation, by adding spin corrections to the Schro¨dinger equation [4]. Dirac
equation is a quantum theory while satisfying invariance under special relativity. It describes a single-particle obeying
both relativity and quantum mechanics and thus unifies the theory of special relativity and quantum mechanics.
Dirac equation is extended as a quantum field theory which provides an unified description for both fields and
particles [5, 6, 7, 8, 9]. Later, Yang and Mills [10] introduced gauge field theories. Then the Standard Model and
the related theories [11, 12, 13, 14, 15, 16, 17, 18] are proposed for elementary particles and the interactions between
them, see Ref.[19] for complete references. Up to then, the electromagnetic force, weak and strong nuclear forces are
merged into a unified model. While only gravity which is one of the four basic forces in nature remains outside of this
unified framework.
In the past decades, much effort has been put into studying how to combine quantum mechanics with general
relativity into a quantum theory of gravity. This is because that on the one hand, we would like to find a unified
final theory [20], and on the other hand, this theory can describe systems where both quantum mechanics and general
relativity are important, for example in black hole or the early stage of universe.
Our start point is the general relativity, particles and fields are set of “events” which is a concept coined by Einstein
to emphasize space-time. We propose a quantum theory of general relativity, an “event” is described by not only
a complete set of canonical coordinates and canonical momentum of 4D space in operator form xˆα, pˆα, but also by
spin operators sˆµν and gauge charge operators Tˆa. These operators are covariance and constitute a Lie algebra. In
our work, events are quantum states of elementary particles. We then define a covariance derivative operator in the
sense of event with vierbein and connections of general relativity. Thus Einstein equation of general relativity, Dirac
equation and Yang-Mill equation are all reformulated by the covariant operators. This provides a unified framework
of quantum mechanics and general relativity.
We next clarify four questions concerning about our theory. Firstly, what is the structure of the theory? Secondly,
what is new in the theory? Thirdly, why is the theory correct? Fourthly, any results from this theory and is this
theory necessary?
Our theory can be simply summarized as (1) representations, (2) equations and (3) observable quantities. Conse-
quently the structure of our theory can be described similarly as: (1)Representations: In the language of quantum
field theory, “particles” are dealt like “fields”. Fields are represented by quantum states with three class of indepen-
dent parameters, coordinate-momentum, spin and gauge. The forces are represented as operators. (2) Equations: All
fields, gravity field, matter fields and gauge fields, which already have the representations, satisfy three fundamental
equations, Einstein equation, Dirac equation and Yang-Mills equation, all in operator form which is the standard
of quantum theory. (3) Observable quantities: With equations and representations, we may construct quantities
which are related with observable interactions and observable physical quantities such as current densities, particle
production rate density and scattering of particles.
As is well-known, it is obvious not easy to find a unified quantum theory. Then what is new in our theory?
In the framework of general relativity, there is no absolute space and time. The space and time are dealt sym-
metrically and constitute together to be a four-dimensional space-time. In comparison, in conventional theory, time
is generally special which is different from the three-dimensional space. For example, the evolution of particles is
depicted by a world-line in three-dimension space as time passes. In order to propose a unified theory of general
relativity and quantum mechanics, we should start directly from the four-dimensional space-time. In our theory,
coordinate-momentum space is the four-dimensional space of the general relativity. In this sense, we mean that our
theory is a four-dimensional theory.
A quantum theory compatible with the general relativity should satisfy the general covariance condition. Our theory
is a general covariant theory where three fundamental equations, quantum states, operators, current densities and all
other quantities satisfy the general covariance condition. So instead of gauge invariance condition for conventional
quantum field theory, one new feature of our theory is that it satisfies the general gauge covariance condition. Due
to the general covariance condition, mass can not be defined through momentum like pˆµpˆ
µ = m2. Mass-matrices
mˆ, Mˆ are defined in the gauge space which is another new feature of our theory. Since mass naturally arises from the
4gauge space, the Higgs mechanism seems not necessary in our theory. In particular, for massless particles, the gauge
condition is arbitrary such as for electromagnetic field, but for massive particles, the gauge will not be arbitrary.
Next, we would like to show the evidences that our theory is correct.
The most important point that our theory is correct is that all fundamentals of our theory, more or less, are well
accepted while all results of our theory agree well with the basic physics facts and are reasonable. The key result
of our theory is that with suitable representations, three fundamental equations, Dirac equation, Einstein equation
and Yang-Mills equation in operator form are all self-consistently presented. This is not a coincidence. We all agree
that those three equations are the cornerstones of modern physics. We do not change the spirit of those fundamental
equations, but present them in a unified and combined form. From our theory the graviton is found to be massless
which can be considered as the benchmark to test a quantum theory with general relativity. The gauge charge
representations of our theory agree with the basic results of the elementary particles scattering process obtained by
Feynman diagram method. Our results agree with the Standard Model except that we do not have Higgs mechanism.
Finally, we would like to point out that our theory is powerful. Some important results can be explained and
obtained easily in this theory such as color confinement, parity violation for weak interactions, gravity can cause CPT
violation, a dark energy of universe solution. With a completely new platform, we expect that answers may be found
for some other unsolvable problems. So our theory is not only necessary, but also we hope that it may provide a new
foundation for quantum physics.
A. Brief explanation of the concepts in this work
In quantum field theory, particles and fields are generally dealt in an unified description. In principle, we accept
this framework. However, there are also some subtle differences for particles and fields in this work. We consider that
fields are described as the vectors, while particles are the quantum states acting as basis of the vectors. So fields are
the expansions in terms of the particle states in the superposition form like |Ψ〉 = ∫ Ψ˜st(p)|est(p)d4p. Particles as
the elements constitute the fields as the whole. The motion equations of fields are described by the fields equations
in operator form, in this work these equations are three fundamental equations, Dirac equation, Yang-Mills equation
and Einstein equation. The evolution of fields can be explained as propagation, scattering, creation and annihilation
of particles while all of these processes should rely on those three fundamental equations.
The quantization of fields generally means finding a complete set of canonical coordinate-momentums and changing
them as the corresponding operators. In this work, we still keep the spirit of this concept, additionally, the three
fundamental equations are in operator form as generally expected.
II. COORDINATE AND MOMENTUM
A. General covariance and commutation relation
In the framework of general relativity, the space-time is in 4D space. We consider a 4D quantum mechanics, the
coordinate and momentum are denoted as xˆµ and pˆν , (µ, ν = 0, 1, 2, 3), which as usual satisfy the relations
[xˆµ, pˆν ] = −iδµν , (1)
[xˆµ, xˆν ] = [pˆµ, pˆν ] = 0. (2)
Suppose F (xˆ) is an analytic function of 4D space-time coordinate xˆ, i.e., F (xˆ) can be expanded in terms of xˆ by
Taylor expansion. We can prove that F (xˆ) satisfies the commutation relation
[pˆµ, F (xˆ)] = i
∂
∂xˆµ
F (xˆ). (3)
The coordinate-momentum algebra is constituted by coordinate xˆµ, the momentum pˆµ and the unit operator 1,
Axp = {Zˆxp : Zˆxp = aµxˆµ + bµpˆµ + α; aµ, bµ, α ∈ R}. (4)
This algebra is a 9D Lie algebra.
The coordinate-momentum group Gxp is the Lie group corresponding to Lie algebra Axp,
Gxp = {Uˆxp : Uˆxp = exp[i(aµxˆµ + bµpˆµ + α)]; aµ, bµ, α ∈ R} (5)
5The group Gxp is a 9D non-Abelian Lie group manifold. Four elements of coordinate xˆ, four elements of momentum
pˆ and the unit identity 1 constitute the generators of this group. The geometry structure of coordinate-momentum
group Gxp can provide the geometry structures for quantum space-time and quantum energy-momentum.
We next define the general covariance law in quantum case. In our quantum theory, xˆµ and pˆµ are not orthogonal
basis for coordinate and momentum, respectively. They are general covariance coordinate and momentum. Coordinate
xˆµ should satisfy the quantum general coordinate transformation and inversion transformation which are written as,
xˆ′µ = xˆ′µ(xˆ),
xˆµ = xˆµ(xˆ′). (6)
Corresponding to general coordinate transformation, the transformation and its inversion for general momentum are,
pˆ′µ =
∂xˆν
∂xˆ′µ
pˆν , (7)
pˆµ =
∂xˆ′ν
∂xˆµ
pˆ′ν . (8)
We can find that for general coordinate transformation, the commutation relations of coordinate and momentum are
invariant,
[xˆ′µ, pˆ′ν ] = −iδµν , (9)
[xˆ′µ, xˆ′ν ] = [pˆ′µ, pˆ
′
ν ] = 0. (10)
The proof of this result can be found by simple calculations,
[xˆ′µ, pˆ′ν ] =
[
xˆ′µ(xˆ),
∂xˆλ
∂xˆ′ν
pˆλ
]
=
∂xˆλ
∂xˆ′ν
[xˆ′µ(xˆ), pˆλ]
= −i ∂xˆ
λ
∂xˆ′ν
∂xˆ′µ
∂xˆ′λ
= −iδµν . (11)
[pˆ′µ, pˆ
′
ν ] =
[
∂xˆκ
∂xˆ′µ
pˆκ,
∂xˆλ
∂xˆ′ν
pˆλ
]
=
∂xˆλ
∂xˆ′ν
[
∂xˆκ
∂xˆ′µ
, pˆλ
]
pˆκ +
∂xˆκ
∂xˆ′µ
[
pˆκ,
∂xˆλ
∂xˆ′ν
]
pˆλ
= − ∂xˆ
λ
∂xˆ′ν
∂
∂xˆλ
(
∂xˆκ
∂xˆ′µ
)
pˆκ +
∂xˆκ
∂xˆ′µ
∂
∂xˆκ
(
∂xˆλ
∂xˆ′ν
)
pˆλ
= 0. (12)
When an equation is unchanged under the quantum general coordinate transformation, we say this equation is quantum
general covariance. In our theory, we demand that all physical equations, operators and quantities be quantum general
covariance. This can be looked as a generalization of the classical general covariance to quantum case. The quantum
general covariance is a condition to has an unified description of general relativity and quantum mechanics.
The three types of particles, matter particles, gauge particles and graviton, all have their coordinate-momentum
representations. Next, we will consider their coordinate-momentum properties.
B. Coordinate-momentum representation of the matter particles
The coordinate-momentum basis for matter particles can be denoted as
|x〉 = |x0〉 ⊗ |x1〉 ⊗ |x2〉 ⊗ |x3〉, (13)
6where |x0〉, |x1〉, |x2〉, |x3〉 are eigenvectors of xˆ0, xˆ1, xˆ2, xˆ3, and the eigenvalues are x0, x1, x2, x3 ∈ R, respectively,
xˆµ|x〉 = xµ|x〉. (14)
For momentum operator, we have,
pˆµ|x〉 =
∫
R4
i
∂
∂xµ
δ4(x− x′)|x〉d4x′. (15)
The adjoint of basis |x〉 is denoted as 〈x| = |x〉, and they satisfy the relations,
〈x′|x〉 = δ4(x− x′), (16)∫
R4
|x〉〈x|d4x = 1. (17)
Similarly, for momentum basis, we have,
|p〉 = |p0〉 ⊗ |p1〉 ⊗ |p2〉 ⊗ |p3〉, (18)
where |pµ〉 are eigenvectors of pˆµ, and the eigenvalues are pµ ∈ R, (µ = 0, 1, 2, 3), respectively,
pˆµ|p〉 = pµ|p〉, (19)
xˆµ|p〉 =
∫
R4
i
∂
∂pµ
δ4(p− p′)|p′〉d4p′. (20)
The adjoint basis 〈p| = |p〉 satisfies the relations,
〈p′|p〉 = δ4(p− p′), (21)∫
R4
|p〉〈p|d4p = 1. (22)
The transformation between coordinate and momentum takes the form
〈x|p〉 = 〈p|x〉∗ = (2π)−2 exp(−ipx). (23)
C. Comparison between the quantum mechanics and the unified theory
The main difference between our unified theory and the quantum mechanics is that the time parameter is dealt in a
different way. In our theory, space and time are symmetric and should satisfy the general covariance condition in the
framework of general relativity. While in quantum mechanics, the time is used to describe the motion of particles, in
principle, the time is in a different position from space parameters. Here for completeness, we briefly list some results
of quantum mechanics.
In quantum mechanics, the 3D coordinate and 3D momentum parameters are in symmetric positions, and should
take the following form
[xˆi, pˆj] = iδij , (24)
xˆi|~x〉 = xi|~x〉, (25)
pˆi|~p〉 = pi|~p〉, (26)
〈~x|~x′〉 = δ3(~x− ~x′), (27)
〈~p|~p′〉 = δ3(~p− ~p′), (28)∫
|~x〉〈~x|d3~x = 1, (29)∫
|~p〉〈~p|d3~p = 1, (30)
〈~x|~p〉 = (2π)− 32 exp(−i~p · ~x).
7If we consider the role of time, we need to introduce the moving pictures depending on time, Heisenberg picture, or
instead the Scho¨dinger picture. The time-translation operator is introduced as
u = exp(−iHˆt), (32)
where Hˆ is the Hamiltonian. The time evolution of the operators such as xˆi(t), pˆi(t) and the quantum states |~x, t〉, |~p, t〉
are defined as
xˆi(t) = exp(iHˆt)xˆi exp(−iHˆt),
pˆi(t) = exp(iHˆt)pˆi exp(−iHˆt), (33)
|~x, t〉 = exp(−iHˆt)|~x〉,
|~p, t〉 = exp(−iHˆt)|~p〉. (34)
When the time t are the same, operator xˆi(t), pˆi(t) and the quantum state |~x, t〉, |~p, t〉 satisfy the relations,
[xˆi(t), pˆj(t)] = iδij , (35)
xˆi(t)|~x, t〉 = xi|~x, t〉, (36)
pˆi(t)|~p, t〉 = pi|~p, t〉, (37)
〈~x, t|~x′, t〉 = δ3(~x− ~x′), (38)
〈~p, t|~p′, t〉 = δ3(~p− ~p′), (39)∫
|~x, t〉〈~x, t|d3~x = 1, (40)∫
|~p, t〉〈~p, t|d3~p = 1, (41)
〈~x, t|~p, t〉 = (2π)− 32 exp(−i~p · ~x). (42)
In quantum mechanics, the transformation between eigenvectors with different time can be represented as the
path-integral:
〈~x′, t′|~x, t〉 = 〈~x′| exp[−iHˆ(t− t′)]|~x〉
=
∫
D~x exp
[
i
∫ ′
L(~x, ~˙x, t)dt
]
, (43)
where L(~x, ~˙x, t) is the Lagrangian of the system; D~x means to make integral for all possible paths.
Here let us list the differences between our theory and the standard quantum mechanics,
1. Time is dealt differently, as we already mentioned.
2. Energy is dealt differently. In our theory, the energy is dealt as an element of 4D energy-momentum tensor.
Thus the energy and momentum are in symmetric positions. In quantum mechanics, energy is used for the
Hamiltonian which is a function of coordinate, momentum and time. The Hamiltonian determines the motion
property of the system. Hamiltonian is symmetric with the 3D momentum.
3. In our theory, we have an unified orthogonal equation
〈x′|x〉 = δ4(x− x′). (44)
For comparison, in quantum mechanics, the orthogonal equations are satisfied when time are equal. For different
time, the path-integral are used,
〈~x′, t′|~x, t〉 =
{
δ3(~x− ~x′), t′ = t∫
D~x exp
[
i
∫ ′
L(~x, ~˙x, t)dt
]
, t′ 6= t (45)
4. In our theory, we have the general covariance condition.
8D. Coordinate-momentum state of the matter particles
A coordinate-momentum state of matter particles can be expanded in terms of coordinate |x〉 or momentum |p〉,
|Ψ〉 =
∫
R4
Ψ(x)|x〉d4x =
∫
R4
Ψ˜(p)|p〉d4p, (46)
where Ψ(x) and Ψ˜(p) are coordinate state functions and momentum state functions. They are complex functions and
connected through Fourier transformation,
Ψ(x) = 〈x|Ψ〉 = (2π)−2
∫
R4
Ψ˜(p) exp(−ipx)d4p, (47)
Ψ˜(p) = 〈p|Ψ〉 = (2π)−2
∫
R4
Ψ(x) exp(ipx)d4x. (48)
The actions of coordinate and momentum operators on the state take the form
xˆµ|Ψ〉 =
∫
R4
xµΨ(x)|x〉d4x =
∫
R4
−i ∂
∂pµ
Ψ˜(p)|p〉d4p, (49)
pˆµ|Ψ〉 =
∫
R4
i
∂
∂xµ
Ψ(x)|x〉d4x =
∫
R4
pµΨ˜(p)|p〉d4p. (50)
The calculations concerning about adjoint state 〈Ψ| of state |Ψ〉 are standard, the results are listed below:
〈Ψ| = |Ψ〉 =
∫
R4
Ψ∗(x)〈x|d4x
=
∫
R4
Ψ˜∗(p)〈p|d4p, (51)
Ψ∗(x) = 〈Ψ|x〉 = (2π)−2
∫
R4
Ψ˜∗(p) exp(ipx)d4p, (52)
Ψ˜∗(p) = 〈Ψ|p〉 = (2π)−2
∫
R4
Ψ∗(x) exp(−ipx)d4x. (53)
The action of the coordinate and momentum operators on the adjoint state can be represented as
〈Ψ|xˆµ =
∫
R4
xµΨ∗(x)〈x|d4x =
∫
R4
i
∂
∂pµ
Ψ˜(p)〈p|d4p, (54)
〈Ψ|pˆµ =
∫
R4
−i ∂
∂xµ
Ψ∗(x)〈x|d4x =
∫
R4
pµΨ˜
∗(p)〈p|d4p. (55)
The inner product can be defined as
〈Ψ|Φ〉 = 〈Φ|Ψ〉∗ =
∫
R4
Ψ∗(x)Φ(x)d4x =
∫
R4
Ψ˜∗(p)Φ˜(p)d4p. (56)
The representation space of coordinate-momentum for matter particles is a linear space in support of coordinate
basis |x〉 and momentum basis |p〉. So the space of the representation Vxp(M) of coordinate and momentum for matter
particles is
Vxp(M) =
{
|Ψ〉 : |Ψ〉 =
∫
R4
Ψ(x)|x〉d4x
}
=
{
|Ψ〉 : |Ψ〉 =
∫
R4
Ψ˜(p)|p〉d4p
}
(57)
Similarly for adjoint representation, we have
V xp(M) =
{
〈Ψ| : 〈Ψ| =
∫
R4
Ψ∗(x)〈x|d4x
}
=
{
〈Ψ| : 〈Ψ| =
∫
R4
Ψ˜∗(p)〈p|d4p
}
(58)
9E. Matrix representation of coordinate-momentum
The matrix representation of coordinate-momentum operators on their basis can be written respectively as
xˆµ =
∫
R4
∫
R4
xµδ4(x− x′)|x′〉〈x|d4x′d4x
=
∫
R4
∫
R4
−i ∂
∂pµ
δ4(p− p′)|p′〉〈p|d4p′d4p; (59)
pˆµ =
∫
R4
∫
R4
i
∂
∂xµ
δ4(x− x′)|x′〉〈x|d4x′d4x
=
∫
R4
∫
R4
pµδ
4(p− p′)|p′〉〈p|d4p′d4p; (60)
The adjoint matrices are
xˆµ = (xˆµ)† = xˆµ, (61)
pˆµ = (pˆµ)
† = pˆµ, (62)
We now consider the general operator, its matrix representation and the corresponding representation space. A
linear operator on coordinate-momentum space can be represented as,
Aˆ =
∫
R4
∫
R4
A(x′, x)|x′〉〈x|d4x′d4x =
∫
R4
∫
R4
A˜(p′, p)|p′〉〈p|d4p′d4p; (63)
A(x′, x) and A(p′, p) are elements of the coordinate-momentum representation matrices of operator Aˆ,
A(x′, x) = 〈x′|Aˆ|x〉 = (2π)−4
∫
R4
∫
R4
A˜(p′, p) exp(ipx− ip′x′)d4p′d4p, (64)
A˜(p′, p) = 〈p′|Aˆ|p〉 = (2π)−4
∫
R4
∫
R4
A(x′, x) exp(−ipx+ ip′x′)d4x′d4x, (65)
The space of the representation is the space in support of |x′〉〈x| and |p′〉〈p|,
Oxp =
{
Aˆ : Aˆ =
∫
R4
∫
R4
A(x′, x)|x′〉〈x|d4x′d4x
}
=
{
Aˆ : Aˆ =
∫
R4
∫
R4
A˜(p′, p)|p′〉〈p|d4p′d4p
}
. (66)
The space Oxp can be represented as the direct product of Vxp(M) and V xp(M),
Oxp = Vxp(M)⊗ V xp(M) (67)
F. Representation of coordinate-momentum of the gauge particles and the graviton
The gauge particles and the graviton have property of coordinate-momentum. Since they are related with forces,
there are operators related to them. For operators, the representation basis is
εˆ(x) = δ4(xˆ− x) =
∫
R4
δ4(x′ − x)|x′〉〈x′|d4x′ = |x〉〈x|. (68)
10
The coordinate basis εˆ(x) has the following properties:
εˆ(x) = εˆ(x)
[xˆµ, εˆ(x)] = 0,
[pˆν , εˆ(x)] =
∫
R4
i
∂
∂x′ν
δ4(x′ − x)εˆ(x)d4x′,
εˆ(x)εˆ(x′) = εˆ(x′)εˆ(x) = δ4(x− x′)εˆ(x),
trεˆ(x) = tr (|x〉〈x|) = 1,
〈εˆ(x), εˆ(x′)〉 = tr[εˆ(x)εˆ(x′)] = δ4(x− x′),
εˆ(x)|x′〉 = δ4(x− x′)|x′〉,
〈Ψ|εˆ(x)|Φ〉 = Ψ∗(x)Φ(x). (69)
The definition of the momentum basis and its properties are listed below,
εˆ(p) = (2π)−2 exp(−ipxˆ) = (2π)−2
∫
R4
exp(−ipxˆ)|p′〉〈p′|d4p′
= (2π)−2
∫
R4
|(p+ p′)〉〈p′|d4p′.
εˆ(p) = εˆ(−p)
[xˆµ, εˆ(p)] = 0,
[pˆµ, εˆ(p)] = pµεˆ(p),
εˆ(p)εˆ(p′) = εˆ(p′)εˆ(p) = (2π)−2εˆ(p′ + p),
trεˆ(p) = (2π)2δ4(p),
〈εˆ(p′), εˆ(p)〉 = tr[εˆ(p′)εˆ(p)] = δ4(p− p′),
εˆ(p)|p′〉 = (2π)−2|p′ + p〉,
〈Ψ|εˆ(p)|Φ〉 = Ψ˜∗(p) ∗ Φ˜(p), (70)
where ∗ means convolution,
Ψ˜∗(p) ∗ Φ˜(p) = (2π)−2
∫
R4
Ψ˜∗(p′)Φ˜(p− p′)d4p′. (71)
The transformations between basis of coordinate and momentum are
〈εˆ(x), εˆ(p)〉 = 〈εˆ(p), εˆ(x)〉∗ = (2π)−2 exp(−ipxˆ),
εˆ(x) = (2π)−2
∫
R4
exp(ipx)εˆ(p)d4p;
εˆ(p) = (2π)−2
∫
R4
exp(−ipx)εˆ(x)d4x. (72)
For gauge particles and the graviton, their coordinate-momentum operator Fˆ can be expanded by the basis of εˆ(x)
and εˆ(p),
Fˆ =
∫
R4
F (x)εˆ(x)d4x =
∫
R4
F˜ (p)εˆ(p)d4p, (73)
where F (x) and F˜ (x) are coordinate and momentum functions, they are related by the Fourier transformation
F (x) = (2π)−2
∫
R4
F˜ (p) exp(−ixp)d4p,
F˜ (p) = (2π)−2
∫
R4
F (x) exp(ixp)d4x. (74)
The adjoint operator of Fˆ is,
Fˆ =
∫
R4
F ∗(x)εˆ(x)d4x =
∫
R4
F˜ ∗(−p)εˆ(p)d4p. (75)
Next let us list some properties of the coordinate-momentum operators for gauge particles and graviton:
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1. Commutation relations,
[xˆµ, F (xˆ)] = 0, (76)
[pˆµ, F (xˆ)] = i
∂
∂xˆµ
F (xˆ) =
∫
R4
i
∂
∂xµ
F (x)εˆ(x)d4x
=
∫
R4
pµF˜ (p)εˆ(p)d
4p (77)
2. Product between operators of gauge particles and graviton
Fˆ Gˆ = GˆFˆ =
∫
R4
F (x)G(x)εˆ(x)d4x =
∫
R4
F˜ (p) ∗ G˜(p)εˆ(p)d4p, (78)
where the convolution takes the form
F˜ ∗(p) ∗ G˜(p) = (2π)−2
∫
R4
F˜ ∗(p′)G˜(p− p′)d4p′. (79)
3. Trace.
trFˆ =
∫
R4
F (x)d4x = (2π)2F˜ (0) (80)
4. Inner product.
〈F (xˆ), G(xˆ)〉 =
∫
R4
F ∗(x)G(x)d4x =
∫
R4
F˜ ∗(p)G˜(p)d4p, (81)
5. Action of operators on the state.
Fˆ |Ψ〉 =
∫
R4
F (x)Ψ(x)|x〉d4x =
∫
R4
F˜ (p) ∗ Ψ˜(p)|p〉d4p, (82)
where convolution is used. Similarly, we have equation for adjoint case,
〈Ψ|Fˆ =
∫
R4
Ψ∗(x)F (x)〈x|d4x =
∫
R4
Ψ˜∗(p) ∗ F˜ (p)〈p|d4p, (83)
6. Representation space for the coordinate-momentum of gauge particles and graviton,
Vxp(A) = Vxp(G) =
{
Fˆ : Fˆ =
∫
R4
F (x)εˆ(x)d4x
}
=
{
Fˆ : Fˆ =
∫
R4
F˜ (p)εˆ(p)d4p
}
(84)
7. Action multiplication of two matter fields is defined as
|Ψ〉 ◦ 〈Φ| =
∫
R4
Φ∗(x)Ψ(x)εˆ(x)d4x =
∫
R4
Φ˜∗(p) ∗ Ψ˜(p)εˆ(p)d4p. (85)
It defines the action fields. There are several properties for this action multiplication,
|Ψ〉 ◦ 〈Φ| = |Φ〉 ◦ 〈Ψ|, (86)
tr(|Ψ〉 ◦ 〈Φ|) = 〈Φ|Ψ〉, (87)
F (xˆ)(|Ψ〉 ◦ 〈Φ|) = (F (xˆ)|Ψ〉) ◦ 〈Φ|
= |Ψ〉 ◦ (〈Φ|F (xˆ))
= (|Ψ〉 ◦ 〈Φ|)F (xˆ), (88)
[pˆµ, |Ψ〉 ◦ 〈Φ|] = (pˆµ|Ψ〉) ◦ 〈Φ| − |Ψ〉 ◦ (〈Φ|pˆµ). (89)
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The partial derivation operator ∂ˆµ is defined as,
∂ˆµ = −ipˆµ. (90)
It’s action on a state and its adjoint can be calculated as,
∂ˆµ|Ψ〉 =
∫
R4
∂
∂xµ
Ψ(x)|x〉d4x =
∫
R4
−ipµΨ˜(p)|p〉d4p,
〈Ψ|∂ˆµ = −
∫
R4
∂
∂xµ
Ψ∗(x)〈x|d4x =
∫
R4
−ipµΨ˜∗(p)〈p|d4p. (91)
The commutation relations for gauge particles and the graviton and the Leibniz rule are presented as,
[∂ˆµ, F (xˆ)] =
∂
∂xˆµ
F (xˆ) =
∫
R4
∂
∂xˆµ
F (x)εˆ(x)d4x
=
∫
R4
−ipµF˜ (p)εˆ(p)d4p (92)
[∂ˆµ, Fˆ Gˆ] = [∂ˆµ, Fˆ ]Gˆ+ Fˆ [∂ˆµ, Gˆ] (93)
∂ˆµ
(
Fˆ |Ψ〉
)
= [∂ˆµ, Fˆ ]|Ψ〉+ Fˆ
(
∂ˆµ|Ψ〉
)
, (94)(
〈Ψ|Fˆ
)
∂ˆµ =
(
〈Ψ|∂ˆµ
)
Fˆ − 〈Ψ|[∂ˆµ, Fˆ ], (95)
[∂ˆµ, 〈Φ|Ψ〉] = 〈Φ|
(
∂ˆµ|Ψ〉
)
−
(
〈Φ|∂ˆµ
)
|Ψ〉 = 0 (96)
III. SPIN
A. Spin algebra
In our theory, the spin is one of the fundamental parameters of fields and operators. In 4D space-time, we use
notations sˆαβ , (α, β = 0, 1, 2, 3) denote the spin operators which are antisymmetric sˆαβ = −sˆβα and satisfy the
commutation relation
[sˆαβ , sˆρσ] = −i(ηαρsˆβσ − ηβρsˆασ + ηασ sˆρβ − ηβσ sˆρα), (97)
where ηαβ is the Minkowski metric defined as
η00 = 1,
ηij = −δij ,
η0i = ηi0 = 0,
ηαβ = ηαβ (98)
The spin algebra is represented as the direct summation of two Lie su(2) algebras. The new-defined 6 operators
constitute a basis for spin algebra As
Mˆi =
1
4
εijk sˆjk +
i
2
sˆ0i,
Nˆi =
1
4
εijk sˆjk − i
2
sˆ0i, (99)
where i, j, k = 1, 2, 3,εijk is the Levi-Civita symbol. Mˆi and Nˆi satisfy the commutation relations
[Mˆi, Mˆj ] = iεijkMˆk, (100)
[Nˆi, Nˆj ] = iεijkNˆk, (101)
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[Mˆi, Nˆj ] = 0. (102)
One can find that three Mˆi and three Mˆi constitute independently a su(2) algebra, named usually as left-spin algebra
and right-spin algebra, respectively. Spin algebra can be represented as the direct summation of two algebras su(2)L
and su(2)R.
AS = su(2)L ⊕ su(2)R (103)
The spin angular-momentum operator sˆαβ can be represented in terms of Mˆi and Nˆi as
sˆij = εijk(Mˆk + Nˆk),
sˆ0i = −i(Mˆi − Nˆi) (104)
B. Irreducible representations of left and right-spin algebras
Left-spin algebra is a su(2) algebra, the irreducible representation space is VL(j1), where j1 = 0,
1
2 , 1,
3
2 , ..., the
dimension is
dimVL(j1) = 2j1 + 1. (105)
The basis of the representation is denoted as |j1,m1〉, (m1 = −j1,−j1+1, ..., j1), it is the eigenvector of the operator
Mˆ3,
Mˆ3|j1,m1〉 = m1|j1,m1〉. (106)
Similarly for right-spin algebra, the irreducible representation space is denoted as VR(j2), (j2 = 0,
1
2 , 1,
3
2 , ...), and
the dimension is dimVL(j1) = 2j1 + 1. For representation basis |j2,m2〉, (m2 = −j2,−j2 + 1, ..., j2), we have
Nˆ3|j2,m2〉 = m2|j2,m2〉. (107)
The irreducible representation of spin algebra AS can be represented as the direct product of the irreducible
representations of left-spin algebra and right-spin algebra,
VS(j1, j2) = VL(j1)⊗ VR(j2). (108)
Apparently, the dimension of the irreducible representation is
dimVS(j1, j2) = (2j1 + 1)(2j2 + 1). (109)
The basis of the representation space of spin algebra can be simply taken as
|j1,m1; j2,m2〉 = |j1,m1〉 ⊗ |j2,m2〉. (110)
It is known that those basis are the eigenvectors for sˆ12, sˆ03
sˆ12|j1,m1; j2,m2〉 = (m1 +m2)|j1,m1; j2,m2〉,
sˆ03|j1,m1; j2,m2〉 = −i(m1 −m2)|j1,m1; j2,m2〉, (111)
C. Spin of matter particles
Representation space for spin of matter particles VS(M) is the Dirac spinor space, or simply spinor-space. The
spinor space can be represented as the direct summation of two irreducible representation space:
VS(M) = VS(
1
2
, 0)⊗ VS(0, 1
2
), (112)
where VS(
1
2 , 0) is the left-spin space, and VR(
1
2 , 0) is the right-spin space. The total dimension of spinor space is
dimVS(M) = dimVS(
1
2
, 0) + dimVR(0,
1
2
) = 4 (113)
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The basis for spin of matter particles is denoted as |es〉 (s=1,2,3,4), the definition for this basis by standard basis
|j1,m1; j2,m2〉 is
|e1〉 = |1
2
,
1
2
; 0, 0〉,
|e2〉 = |1
2
,−1
2
; 0, 0〉,
|e3〉 = |0, 0; 1
2
,
1
2
〉,
|e4〉 = |0, 0; 1
2
,−1
2
〉, (114)
where |e1〉, |e2〉 are the basis of left-spin space VS(12 , 0), and similarly |e3〉, |e3〉 are the basis of right-spin space VR(0, 12 ).
The spin state of the matter particle is represented as
VS(M) = {|Ψ〉 : |Ψ〉 = Ψs|es〉}, (115)
where Ψs = 〈es|Ψ〉, and 〈es| is the adjoint of |es〉.
Here the adjoint of |es〉 is defined as
〈es| = |es〉. (116)
The inner-product for |es〉 and its adjoint is defined as
〈es|es′〉 = (γ0)ss′ . (117)
Thus the spinor metric defined by the inner product of basis, which is the parity matrix, takes the form
gˆ = γˆ0
= σˆ1 ⊗ σˆ0 =
(
0 σ0
σ0 0
)
, (118)
where σ0 is the identity in 2D. Also please note the lowering or rising of the indices can be realized by the metric,
〈es| = gss′〈es′ | = gss
′ |es′〉, (119)
and
〈es|es′〉 = δss′ , (120)
|es〉 ⊗ 〈es| = Iˆ . (121)
The spin of matter particles is the spinor in spinor space VS(M) which can be expanded in basis of spinor,
|Ψ〉 = Ψs|es〉, (122)
where Ψs = 〈es|Ψ〉. The adjoint of |Ψ〉 is 〉Ψ| which has the form,
〈Ψ| = |Ψ〉 = Ψ∗s〈es|, (123)
where Ψ∗s = 〈Ψ|es〉 = 〈es|Ψ〉∗ = gss′Ψ∗s. The inner product of the two spinors |Ψ〉 and |Φ〉 is defined as,
〈Ψ|Φ〉 = 〈Φ|Ψ〉∗ = Ψ∗sΦs
= gss′Ψ
∗sΦs
′
. (124)
D. Matrix representation of the spin
Spin operator sˆαβ with basis |es〉 can be represented by matrix as
sˆαβ = (sˆαβ)
s
s′ |es〉 ⊗ 〈es
′ |,
(sˆαβ)
s
s′ = 〈es|sˆαβ |es′〉. (125)
15
Explicitly, the spin angular-momentum operators are 4× 4 matrices with the form:
sˆij =
1
2
εijk
(
σk 0
0 σk
)
,
sˆ0k = − i
2
εijk
(
σk 0
0 −σk
)
, (126)
where σk are the 2× 2 Pauli matrices.
The Hermitian conjugate of the spin operators are
sˆ†ij = sˆij ,
sˆ†0k = −sˆ0k. (127)
Also we have
[gˆ, sˆij ] = 0,
{gˆ, sˆ0k} = 0. (128)
The adjoint of these operators are
sˆij = gˆ
−1sˆ†ij gˆ = sˆij ,
sˆ0k = gˆ
−1sˆ†0kgˆ = sˆ0k, (129)
those equation can be written as a concise form
sˆαβ = gˆ
−1sˆ†αβ gˆ = sˆαβ. (130)
The chiral charge γˆ5 in basis |es〉 is defined as
γˆ5 =
(
σˆ0 0
0 σˆ0
)
. (131)
We also have the properties
(γˆ5)† = γˆ5,
γˆ5 = gˆ−1(γˆ5)†gˆ = −γˆ5,
(γˆ0)† = γˆ0,
γˆ0 = gˆ−1(γˆ0)†gˆ = γˆ0 (132)
The left-chiral projector and the right-chiral projector are defined as
PˆL =
1
2
(1 + γˆ5),
PˆR =
1
2
(1− γˆ5), (133)
These two operators project a 4D space to 2D chiral left or right spaces, respectively, and they have the properties,
PˆL + PˆR = 1,
PˆLPˆL = PˆL,
PˆRPˆR = PˆR,
PˆLPˆR = PˆRPˆL = 0. (134)
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E. Dirac matrices
There are 16 Dirac matrices with 4 × 4 acting on 4D space. Those Dirac matrices are divided into 5 groups. 1
rank-0 antisymmetric metric γˆ, 4 rank-1 antisymmetric metrics γˆα1 , 6 rank-2 antisymmetric metrics γˆα1α2 , 4 rank-3
antisymmetric metrics γˆα1α2α3 and 1 rank-4 antisymmetric metric γˆα1α2α3α4 . Those 16 matrices can be represented
as the following by basis |es〉,
γˆ = σ0 ⊗ σ0 =
(
σˆ0 0
0 σˆ0
)
,
γˆ0 = σ1 ⊗ σ0 =
(
0 σˆ0
σˆ0 0
)
,
γˆi = iσ2 ⊗ σi =
(
0 σˆi
−σˆi 0
)
,
γˆ0i = iσ3 ⊗ σi = i
(
σˆi 0
0 −σˆi
)
,
γˆij = εijkσ0 ⊗ σk = εijk
(
σˆk 0
0 σˆk
)
,
γˆ0ij = εijkσ1 ⊗ σk = εijk
(
0 σˆk
σˆk 0
)
,
γˆ123 = −iσ2 ⊗ σ0 =
(
0 −σˆ0
σˆ0 0
)
,
γˆ0123 = −iσ3 ⊗ σ0 = −i
(
σˆ0 0
0 −σˆ0
)
,
(135)
where σˆ0 is a 2× 2 identity, σˆi, (i=1,2,3) are Pauli matrices.
We next introduce an unified notations to denote Dirac matrices γˆα,
γˆα1...αp = i
1
2
p(p−1) 1
p!
δα1...αpρ1...ρp γˆ
ρ1 ...γˆρp , (136)
where p = 0, 1, 2, 3, 4, δ
α1...αp
ρ1...ρp are the generalized Kronecker matrices defined as
δα1...αpρ1...ρp =
∣∣∣∣∣∣∣
δα1ρ1 · · · δα1ρp
...
...
...
δ
αp
ρ1 · · · δαpρp
∣∣∣∣∣∣∣ . (137)
It will be 1 when the upper indices and the lower indices are even permutations, -1 for odd permutations, and 0 for
other cases.
The Dirac matrices with upper indices are called inversion Dirac matrices. By spin metric ηαβ , the covariance Dirac
matrices can be defined as
γˆα1...αp = ηα1β1 · · · ηαpβp γˆβ1...βp. (138)
Compared with the representation matrices of sˆαβ , we can find
sˆαβ =
1
2
ηαρηβσγˆ
ρσ =
1
2
γˆαβ . (139)
We next present some properties of the matrices αˆ:
1. Anti-commuting relation
γˆαγˆβ + γˆβγˆα = 2ηαβ Iˆ (140)
2. Commuting relation
γˆαγˆβ − γˆβγˆα = −4isˆαβ. (141)
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3. Product relation
γˆαγˆβ = gαβ − 2isˆαβ (142)
4. Unitary relation
(γˆα)† = (γˆα)−1 = γˆα = ηαβ γˆβ (143)
5. Adjoint matrices
γˆα = γˆ0(γˆα)†(γˆ0)−1 = −γˆα (144)
6. Commuting relation with spin operator sˆαβ ,
[sˆαβ , γˆ
γ ] = i(δγβ γˆα − δγαγˆβ) = iηρτ δρσαβδγσ γˆτ . (145)
7. Trace is zero
trγˆα = 0. (146)
8. Orthogonal condition
〈γˆα, γˆβ〉 = tr[γˆαγˆβ ] = −4δβα. (147)
The properties of the Dirac matrices:
1. Unitary
(γˆα1···αp)† = (γˆα1···αp)−1 = γˆα1···αp = ηα1β1 · · · ηαpβp γˆβ1···βp (148)
2. Adjoint matrices
(γˆα1···αp) = γˆ0(γˆα1···αp)(γˆ0)−1 = (−1)pγˆα1···αp (149)
(γˆα1···αp) = γˆ
0(γˆα1···αp)(γˆ
0)−1 = (−1)pγˆα1···αp (150)
3. Commutation relation with spin sˆαβ ,
[sˆαβ, γˆ
α1···αp ] = iηρτ δ
ρσ
αβ(δ
α1
σ γˆ
τ ···αp + · · ·+ δαpσ γˆα1···τ ), (151)
[sˆαβ , γˆα1···αp ] = −iηρτδρσαβ(δτα1 γˆσ···αp + · · ·+ δταp γˆα1···σ), (152)
4. Trace
trγˆ = 4
trγˆα1···αp = 0, (p 6= 0) (153)
5. Orthogonality
〈γˆα1···αp , γˆβ1···βq = tr[γˆα1···αp γˆβ1···βp ] = (−1)p4δpqδβ1···βpα1···αp . (154)
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F. Tensor representation of the spin algebra
The tensor representation of the spin algebra can be listed from rank-0 to rank-4, we then use a general form to
summarize these representations.
The rank-0 anti-symmetric tensor is actually a scalar representation, the representation space is denoted as ATs(0) =
VS(0, 0), the dimension of the space is dim[ATS(0)] = dim[VS(0, 0)] = 1. The representation basis is γˆ, so the 0-order
antisymmetric tensor is represented as
Kˆ = Kγˆ (155)
.
Similarly for rank-1, we have
ATS(1) = VS(
1
2
,
1
2
) (156)
dim[ATS(1)] = dim[VS(
1
2
,
1
2
)] = 4 (157)
Kˆ = Kαγˆ
α. (158)
And further for rank-2, the results are,
ATS(2) = AS = VS(0, 1)⊕ VS(1, 0) (159)
dim[ATS(2)] = dimAS = dim[VS(0, 1)⊕ VS(1, 0)] = 6 (160)
Kˆ =
1
2!
Kαβγˆ
αβ . (161)
The rank-3 results are,
ATS(3) = VS(
1
2
,
1
2
) (162)
dim[ATS(3)] = dim[VS(
1
2
,
1
2
)] = 4 (163)
Kˆ =
1
3!
Kαβγ γˆ
αβγ. (164)
And for rank-4, we have
ATS(4) = VS(0, 0) (165)
dim[ATS(4)] = dim[VS(0, 0)] = 1 (166)
Kˆ =
1
4!
Kαβγδγˆ
αβγδ. (167)
The summarized form for rank-p tensor can be written in the following, the space is ATS(p),
dim[ATS(p)] =
4!
p!(4− p)! (168)
Kˆ =
1
p!
Kα1···αp γˆ
α1···αp . (169)
The anti-symmetric tensor representation of the spin algebra can be represented as a direct summation of the rank-0
to rank-4 anti-symmetric tensor.
ATS =
4∑
p=0
⊕ATS(p). (170)
The dimension of the space can be calculated as
dim[ATS ] =
4∑
p=0
dim[ATS(p)] =
4∑
p=0
4!
p!(4− p)! = 16 (171)
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The representation space is the direct summation of spinor space and the adjoint spinor space:
ATS = VS ⊗ VS (172)
We should note that the space for spin of the gauge particles is the 16D space for spin antisymmetric tensor,
VS(A) = ATS . (173)
G. Mixed tensor representation of the spin algebra
The (p,q) mixed tensor representation of the spin algebra is the direct product of the rank-p and rank-q antisym-
metric tensor representations,
MTS(p, q) = ATS(p)⊗ATS(q). (174)
The dimension of the representation space is
dim[MTS(p, q)] = dim[ATS(p)]× dim[ATS(q)] = 4!4!
p!(4 − p)!q!(4− q)! . (175)
The basis of the representation is
γˆ
α1···αp
β1···βq = γˆ
α1···αp ⊗ γˆβ1···βq , (176)
which is a 16× 16 matrix. The commutation relation takes the form
[sˆαβ , γˆ
α1···αp
β1···βq ] = iηρτ δ
ρσ
αβ(δ
α1
σ γˆ
τ ···αp
β1···βq + · · ·+ δαpσ γˆα1···τσ···βq − δτβ1 γˆ
α1···αp
σ···βq − · · · − δτβq γˆ
α1···αp
β1···σ ) (177)
This (p, q) mixed tensor representation includes all tensor representation of spin algebra, while rank-p antisymmetric
tensor representation can be dealt as a (p, 0) or (0, p) form mixed tensor representation. The (p, q) mixed tensor takes
the form
Kˆ =
1
p!q!
K
β1···βq
α1···αp γˆ
α1···αp
β1···βq (178)
The mixed tensor representation of the spin algebra is represented as the direct summation of all (p, q) mixed tensor
representations,
MTS =
4∑
p,q=0
⊕MTS(p, q). (179)
The dimension is
dim[MTS] =
4∑
p,q=0
dim[MTS(p, q)] =
4∑
p,q=0
4!4!
p!(4− p)!q!(4 − q)! = 256. (180)
The basis is γˆ
α1···αp
β1···βq , (p, q = 0, 1, 2, 3, 4). The mixed tensor space is a direct summation of two antisymmetric tensor
space,
VS(G) =MTS (181)
We should note that the space for spin of the gravity particle is the 256D mixed spin tensor space.
VS(G) =MTS (182)
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H. Some fundamental calculations of the spin tensor
1. Exterior product of the antisymmetric spin tensor. Similar as in differential geometry, the exterior product of
two basis can be defined as
γˆα1···αp ∧ γˆβ1···βq = γˆα1···αpβ1···βq (183)
So the exterior product of two antisymmetric tensors will take the form
Kˆ ∧ Hˆ = ( 1
p!
Kα1···αp γˆ
α1···αp) ∧ ( 1
q!
Hβ1···βq γˆ
β1···βq ) = (
1
p!q!
Kα1···αpHβ1···βq γˆ
α1···αpβ1···βq ) (184)
Thus the exterior product of a p-form antisymmetric tensor and a q-form antisymmetric tensor is a p+ q-order
antisymmetric tensor. The 16D antisymmetric spin tensor space is closed for exterior product.
2. Tensor product for the antisymmetric spin tensor.
The tensor product obeys the following role,
γˆα1···αp ⊗ γˆβ1···βq = γˆα1···αpβ1···βq (185)
Kˆ ⊗ Hˆ = ( 1
p!
Kα1···αp γˆ
α1···αp)⊗ ( 1
q!
Hβ1···βq γˆβ1···βq )
= (
1
p!q!
Kα1···αpH
β1···βq γˆα1···αpβ1···βq ). (186)
3. Scalar product of rank-1 spin tensor. The scalar product of two rank-1 Dirac matrices is defined as,
γˆα · γˆβ = ηαβ . (187)
It is known that ηαβ is the Minkowski vierbein, also named as free vierbein, so γˆα are orthogonal. The scalar
product of two 1-form spin tensor is written as:
K · L = ηαβKαLβ. (188)
4. Contraction calculation for mixed tensor. With the form of free vierbein ηαβ , we can define the contraction
calculation for mixed tensor. First, the contraction of the (p, q) mixed tensor basis (p, q ≥ 1) is defined as
conγˆ
α1···αp
β1···βq = δ
αp
βq
γ
α1···αp−1
β1···βq−1 . (189)
So we can define the contraction of (p, q) mixed tensor, (p, q ≥ 1),
conKˆ = con(
1
p!q!
K
β1···βq
α1···αp γˆ
α1···αp
β1···βq ) = (
1
p!q!
K
β1···βq
α1···αpδ
αp
βq
γˆ
α1···αp−1
β1···βq−1 ). (190)
After the contraction calculation, the (p, q) mixed tensor is reduced as a (p− 1, q − 1)-tensor.
5. Lowering and rising of the indices of the spin tensor. By using the product of the inversion Minkowski vierbein
ηαβ and covariance Minkowski vierbein ηαβ , we can realize the lowering and rising of the indices for spin tensor,
we use the antisymmetric tensor as the examples,
γˆα1···αp = ηα1β1 · · · ηαpβp γˆβ1···βp (191)
Kα1···αp = ηα1β1 · · · ηαpβpKβ1···βp (192)
Kˆ =
1
p!
Kα1···αp γˆ
α1···αp =
1
p!
Kα1···αp γˆα1···αp . (193)
For lowering or rising of the indices, the rank of the indices remains unchanged. One spin tensor may have
different indices representation, they may be used for different purposes.
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IV. GAUGE CHARGES
As we pointed out that gauge is one fundamental parameter in our theory, we next consider the properties of
gauge charges. Also we would like to emphasize that mass matrices are defined in gauge space in our theory. The
conventional gauge theory generally satisfies the gauge invariant condition. Our unified theory satisfies the general
covariance condition which releases the previous restriction. Thus mass arises naturally.
What we study is the all elementary particles and the interactions between them. The elementary particles are
divided into three families as matter particles (Ψ), gauge particles (A) and graviton (g). They satisfy Dirac equation,
Yang-Mills equation and Einstein equation, respectively. In this work, we will present an unified quantum theory for
those equations
Matter particles (Ψ) include quarks and leptons each class have 6 types depending on mass and electric-charge.
Each type of lepton also has isospin singlet state and isospin doublet state, so leptons have 12 states, altogether. Each
flavor of quark has three color states, each color has isospin singlet state and isospin doublet state. So quarks have
36 states. Thus matter particles have 48 states. Note that the spin of matter particles is 1/2 described by a 4D Dirac
spinor
Gauge particles (A) are divided into photons, three types of weak gauge bosons and eight types of gluons. Photon
has no mass, and gluons are generally assumed massless. However, the massive gluons are allowed in this theory.
We will find that gluon might be related with dark energy of universe, its mass is very small. The masses of weak
gauge bosons are mZ ,mW+ ,mW− corresponding to three types of bosons Z0,W+,W−, respectively. We also have
mW+ = mW− = mZ cos θw, where θw is Weinberg angle. The spin of gauge particles is 1 corresponding to a 4D
vector.
There is only one type of graviton (g), its mass and gauge charge are zeroes, the spin is 2 in tensor representation.
A. Gauge algebra and gauge charges
There are 12 gauge charges, including hypercharge Yˆ , isospin charges Iˆi, (i = 1, 2, 3) and color charges λˆp, (p =
1, 2, ..., 8). Hypercharge Yˆ is the generator of gauge group U(1). Three isospin charges Iˆi, (i = 1, 2, 3) are generators of
gauge group SU(2), they constitute a basis for algebra su(2), and eight color charges λˆp, (p = 1, 2, ..., 8) are generators
of gauge group SU(3) and constitute a set of basis.
Those generators satisfy the commutation relations
[Iˆi, Iˆj ] = iǫijk Iˆk, (194)
[λˆp, λˆq] = if
r
pqλˆr, (195)
[Yˆ , Iˆi] = [Yˆ , λˆp] = [Iˆi, λˆp] = 0, (196)
where ǫijk is Levi-Civita symbol and is the structure constant for algebra su(2), f
r
pq are structure constants of algebra
su(3) group. They are completely symmetric for three indices, the non-zero elements are
f312 = 1,
f714 = −f615 = f624 = f725 = f534 = −f736 = 1,
f845 = f
8
67 =
√
3
2
. (197)
We can define square of the isospin charges Iˆ2 and the color charges λˆ2:
Iˆ2 =
3∑
i=1
Iˆ2i , (198)
λˆ2 =
8∑
p=1
λˆ2p. (199)
It can be checked that Iˆ2 and λˆ2 commute with all elements of gauge charge
[Iˆ2, Yˆ ] = [Iˆ2, Iˆi] = [Iˆ
2, λˆp] = 0, (200)
[λˆ2, Yˆ ] = [λˆ2, Iˆi] = [λˆ
2, λˆp] = 0, (201)
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We use notation tˆa, (a = 1, 2, ..., 12) to represent those 12 gauge charges as
tˆ1 = g1
Yˆ
2
, (202)
tˆ1+i = g2Iˆi, (i = 1, 2, 3), (203)
tˆ4+p = g3λˆp, (p = 1, 2, ..., 8), (204)
where g1, g2 and g3 are coefficients of hypercharge, isospin charges and color charges, respectively. So the commutation
relations take a concise form as
[tˆa, tˆb] = id
c
abtˆc, (205)
where coefficients dcab are defined as
d1+k1+i,1+j = g2ǫijk, (i, j, k = 1, 2, 3) (206)
d4+r4+p,4+q = g3f
r
pq, (p, q, r = 1, 2, ..., 8) (207)
and dcab = 0 elsewhere. Since ǫijk and f
t
rs are completely antisymmetric, d
c
ab are also completely antisymmetric
dcab = d
a
bc = d
b
ca = −dacb = −dcba = −dbac (208)
Those gauge charges tˆa can be denoted as gauge bosons in Cartan-Weyl basis Tˆa, (a=1,2,...,12),
Tˆ1 = tˆ1 cos θw + tˆ4 sin θw,
Tˆ2 = −tˆ1 sin θw + tˆ4 cos θw,
Tˆ3 =
1√
2
(tˆ2 + itˆ3),
Tˆ4 =
1√
2
(tˆ2 − itˆ3),
Tˆ5 = tˆ7,
Tˆ6 = tˆ12,
Tˆ7 =
1√
2
(tˆ5 + itˆ6),
Tˆ8 =
1√
2
(tˆ5 − itˆ6),
Tˆ9 =
1√
2
(tˆ8 + itˆ9),
Tˆ10 =
1√
2
(tˆ8 − itˆ9),
Tˆ11 =
1√
2
(tˆ10 + itˆ11),
Tˆ12 =
1√
2
(tˆ10 − itˆ11), (209)
where θw is the Weinberg angle. The transformation from orthogonal gauge charges tˆa to eigen-gauge charges Tˆa is
unitary,
Tˆa = Lˆ
b
atˆb, (210)
as we can find that the transformation matrix satisfy
Lˆ−1 = Lˆ†, (211)
where super-indices † means the hermitian conjugation (complex conjugation plus matrix transposition). So the
inverse transformation takes the form
tˆa = Lˆ
†b
a Tˆb, (212)
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The eigen-gauge charges satisfy the relation,
[Tˆa, Tˆb] = C
c
abTˆc. (213)
The coefficients can be found to be
C31,3 = −C41,4 = C13,4 = g2 sin θw, C32,3 = −C42,4 = C23,4 = g2 cos θw,
C75,7 = −C85,8 = C57,8 = g3, C76,7 = −C86,8 = C67,8 = 0,
C95,9 = −C105,10 = C59,10 = −
1
2
g3, C
9
6,9 = −C106,10 = C69,10 =
√
3
2
g3,
C115,11 = −C125,12 = C511,12 = −
1
2
g3, C
11
6,11 = −C126,12 = C611,12 = −
√
3
2
g3,
C127,9 = −C89,11 = C1011,7 =
√
2
2
g3, C
11
8,10 = C
7
10,12 = C
9
12,8 = −
√
2
2
g3. (214)
Those 12 gauge charges tˆa, a = 1, · · · , 12, (or Tˆa), constitute the gauge algebra,
Ag = {Zˆg : Zˆg = θatˆa} = u(1)⊕ su(2)⊕ su(3). (215)
The gauge algebra is a 12-dimension Lie algebra, it is constituted by direct summation of an Abel algebra u(1) and
two simple Lie algebras su(2) and su(3).
Consequently, corresponding to gauge algebra Ag, we have the gauge group Gg which can be obtained by the
exponential of the gauge algebra,
Gg = {Uˆg : Uˆg = exp(iθatˆa)} = U(1)⊗ SU(2)⊗ SU(3). (216)
For gauge algebra Ag, we introduce the gauge metric tensor:
Gˆ = gabtˆa ⊗ tˆb = GabTˆa ⊗ Tˆb. (217)
Gauge metric tensor is a generalization of Lie algebra Cartan metric tensor. For simplicity, we introduce the ortho-
normal metric for orthogonal gauge charges tˆa,
gab = g
ab = δab. (218)
Due to the transformation for tˆa to Tˆa and the explicit form of g
ab, we can find that the gauge metric tensors Gab
and Gab take the form
Gab = Gab,
G1,1 = G2,2 = G3,4 = G4,3 = 1,
G5,5 = G6,6 = G7,8 = G8,7 = G9,10 = G10,9 = G11,12 = G12,11 = 1,
Gab = 0, elsewhere. (219)
According to the gauge metric tensor, the scalar product of the gauge charges are defined as:
tˆa · tˆb = tˆb · tˆa = gab = δab;
Tˆa · Tˆb = Tˆb · Tˆa = Gˆab
Yˆ · Yˆ = 4g−21 ,
Iˆi · Iˆj = g−22 δij ,
λˆp · λˆq = g−23 δpq,
Yˆ · Iˆi = Yˆ · λˆp = Iˆi · λˆp = 0. (220)
The rising and lowering the indices by the gauge metric tensor can be written as, for example,
tˆa = gabtˆb = tˆa,
Tˆ a = GabTˆb. (221)
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B. Irreducible representation of the gauge algebra
The irreducible representation space of algebra u(1) is denoted as V1(Y ), where Y is the eigenvalue of the hypercharge
Yˆ . Here Y can be arbitrary real number, and the dimension of space V1(Y ) is,
dimV1(Y ) = 1. (222)
We denote the irreducible representation space of algebra su(2) as V2(I), I is the maximal eigenvalue of the third
isospin operator Iˆ3. I can be non-negative integer and half-integer. The dimension of space V2(I) is
dimV2(I) = 2I + 1. (223)
Similarly the space of the irreducible representation of algebra su(3) is denoted as V3(m,n), where m,n are non-
negative. The dimension of space V3(m,n) is
dimV3(m,n) =
1
2
(m+ 1)(n+ 1)(m+ n+ 2). (224)
Gauge algebra Ag is the direction summation of algebras u(1), su(2) and su(3), and its irreducible representation
is the tensor product of the irreducible representations of u(1), su(2) and su(3). Denote the irreducible representation
space of algebra Ag as Vg(Y, I,m, n) and it takes the form
Vg(Y, I,m, n) = V1(Y )⊗ V2(I)⊗ V3(m,n). (225)
Thus the dimension of space Vg(Y, I,m, n) is
dimVg(Y, I,m, n) = dimV1(Y )× dimV2(I)× dimV3(m,n)
=
1
2
(2I + 1)(m+ 1)(n+ 1)(m+ n+ 2) (226)
C. Gauge representations of the matter particles, representation spaces and gauge states
Matter particles include leptons and quarks. We next consider their gauge representations respectively.
(i), Space of the gauge representations for leptons. Leptons can be divided into three generations, the gauge
representation space for each generation is the same. The representation space is
Vg(−1, 1
2
, 0, 0)⊕ Vg(0, 0, 0, 0)⊕ Vg(−2, 0, 0, 0). (227)
The dimension for each generation of leptons in the gauge representation is 2+1+1 = 4. It is corresponding to the fact
that each generation of leptons includes four states as: isospin doublet state for leptons with electric-charge, isospin
singlet state of leptons with electric-charge, isospin doublet state of neutrino and isospin singlet state of neutrino.
Gauge representation space for all leptons can be denoted as the direct summation of the gauge representation
spaces for three generations of lepton:
Vg(l) = [Vg(−1, 1
2
, 0, 0)⊕ Vg(0, 0, 0, 0)⊕ Vg(−2, 0, 0, 0)]
⊕[Vg(−1, 1
2
, 0, 0)⊕ Vg(0, 0, 0, 0)⊕ Vg(−2, 0, 0, 0)]
⊕[Vg(−1, 1
2
, 0, 0)⊕ Vg(0, 0, 0, 0)⊕ Vg(−2, 0, 0, 0)] (228)
The total dimension is
dimVg(l) = (2 + 1 + 1)× 3 = 12. (229)
The total dimension 12 corresponds to 12 different leptons.
(ii), Space of the gauge representations for quarks. Quarks also have three generations, the representation space
for each generation of quarks is the same. Each generation can be represented as
Vg(
1
3
,
1
2
, 1, 0)⊕ Vg(4
3
, 0, 1, 0)⊕ Vg(−2
3
, 0, 1, 0). (230)
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One can check that the dimension is 6+3+3 = 12, it corresponds to that there are 12 gauge states for each generation
of quark.
The gauge representation space for three generations of quarks is denoted as the direction summation as
Vg(q) = [Vg(
1
3
,
1
2
, 1, 0)⊕ Vg(4
3
, 0, 1, 0)⊕ Vg(−2
3
, 0, 1, 0)]
⊕[Vg(1
3
,
1
2
, 1, 0)⊕ Vg(4
3
, 0, 1, 0)⊕ Vg(−2
3
, 0, 1, 0)
⊕Vg(1
3
,
1
2
, 1, 0)⊕ Vg(4
3
, 0, 1, 0)⊕ Vg(−2
3
, 0, 1, 0). (231)
The dimension of quark gauge representation space is
dimVg(q) = (6 + 3 + 3)× 3 = 36. (232)
The dimension 36 corresponds to 36 kind of quarks.
So in together, the gauge representation space of matter particles is denoted as
Vg(M) = Vg(l)⊕ Vg(q), (233)
The total dimension is
dimVg(M) = 12 + 36 = 48. (234)
The total dimension corresponds to 48 gauge states.
The gauge state basis of matter particles is represented as:
|et〉, (235)
where t = 1, 2, ..., 48 is the indices of matter particles. For each kind of matter particles, there is a corresponding
gauge basis.
Matter particles in gauge representation space Vg(M) can be represented by gauge state basis as
Vg(M) =
{|Ψ〉 : |Ψ〉 = Ψt|et〉} . (236)
The adjoint representation of matter particles takes the form
〈et| = |et〉. (237)
The inner product of basis and its adjoint is,
〈et|et′〉 = δtt′ . (238)
And also,
|et〉〈et| = Iˆ . (239)
This is the property of the metric for the gauge state space.
The gauge state |Ψ〉 of matter particles can be represented as the the superposition of the gauge basis
|Ψ〉 = Ψt|et〉, (240)
where
Ψt = 〈et|Ψ〉. (241)
The adjoint of |Ψ〉 is 〈Ψ|, it has the form
〈Ψ| = |Ψ〉 = Ψ∗t 〈et|. (242)
The inner product has the form,
〈Ψ|Φ〉 = 〈Φ|Ψ〉∗
= Ψ∗tΦ
t = δtt′Ψ
∗tΦt
′
. (243)
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D. Elementary particles and their classification
Here we list the properties of electric-charge and the mass of matter particles:
generations lepton electric-charge mass quark electric-charge mass
first generation e -1 me d − 13 md
νe 0 mνe u +
2
3 mu
second generation µ -1 mµ s − 13 ms
νµ 0 mνµ c +
2
3 mc
third generation τ -1 mτ b − 13 mb
ντ 0 mντ t +
2
3 mt
As we mentioned, in our theory, in order to consider properties of the involvements of the matter particles into the
action force, the matter particles are divided into 48 classes. There are 6 classes of leptons according to the above
table, besides mass and electric-charge, there are isospin singlet and isospin doublet, so there are 12 classes of leptons.
There are 6 classes of quarks in the above table, we can also consider the isospin singlet and isospin doublet and three
colors for quarks. So quarks are divided into 36 types. So matter particles have 48 classes. The explicit classification
of those particles are presented explicitly in the following tables.
Color charge represents the quantum number of the involvement of particles into color interactions. Color charges
of particles are represented by two parameters (λ3, λ8). According to color charge, matter particles are divided as
leptons (l) and quarks (q). The color charge of leptons is (0, 0), that means the color charge of them are zeroes, and
they are not involved into the color force. The color charges of quarks are three types, (12 ,
√
3
6 ), (− 12 ,
√
3
6 ), (0,
√
3
3 ).
Usually they are called red, green and blue colors, respectively. So quarks can be red quark (qr), green quark (qg)
and blue quark (qb).
Electric charge Q represents the quantum number of particles in interaction of electromagnetism. The leptons are
divided into neutral-leptons (l0) and electric-charged leptons (l−1). The neutral-lepton is the neutrino. The electric-
charge of the l−1 is −1. Quarks can be divided into positive-electric-charge quarks (q+ 2
3
) and negative-electric-charge
quarks (q− 1
3
) according to their electric charge. The positive electric-charge is + 23 , the negative electric-charge is − 13 .
The isospin charge I3 represents the quantum number of the particles in weak interactions. The isospin charge can
take three values + 12 ,− 12 and 0, where I3 = ± 12 represents the isospin doublet (ΨD), and I3 = 0 represent the isospin
singlet. The matter particles with same color charge and electric-charge can have isospin singlet and isospin doublet.
The isospin doublet are in the weak interactions, while isospin singlet is not involved in the weak interactions.
The hypercharge and the weak-charge can be represented by electric-charge and the isospin charge as,
Y = 2(Q− I3),
Z = I3 −Q sin2 θw, (244)
where sin θw =
g1√
g2
1
+g2
2
, and g1, g2 are the coupling constants between hypercharge and the isospin charges, θw is
the Weinberg angle. Weak-charge Z represents the quantum number of particles involved in the interactions of Z0
particles.
Note there are only two independent parameters in four quantum numbers, electric-charge Q, isospin charge I3,
hypercharge Y and the weak-charge Z. Usually the hypercharge Y and isospin charge I3 are chosen as the independent
parameters, and electric-charge Q and weak-charge Z are represented as,
Q = I3 +
1
2
Y,
Z = I3 cos
2 θw − 1
2
Y sin2 θw. (245)
Masses of the particles are the quantum numbers representing the property of the symmetry breaking of the isospin
in weak interactions. Matter particles with the same color-charge, electric-charge and isospin charge can be divided
into three generations according to their masses.
Three generations of neutrinos are called respectively the electric-neutrino, µ neutrino and τ neutrino represented
as νe, νµ, ντ . The masses are mνe, mνµ and mντ . It is believed previously that the masses of the three generations
of neutrinos are zeroes. Later experiments showed that the masses are small but not zeroes. Three generations
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of electric-leptons are named respectively electron, µ particle and τ particle represented as e, µ, τ . The masses are
mu,mc,mt.
Three generations of positive-electric quarks are u, c, t with masses mu,mc,mt. The negative-electric quarks are
d, s, b with masses md,ms,mb. The masses of matter particles differ only depending on electrical-charge and gener-
ation, but not depending on color charge and isospin charge. That means matter particles with the same electrical-
charge and generation but different color charges and isospin charges, their masses will be the same.
Depending on color-charge,electrical-charge, isospin-charge and mass, the matter particles are divided into 48 classes.
The representation of those particles constitute a 48-dimensional gauge space. The gauge numbers of those particles
can be found in the table next.
elementary particle gauge charge (Y, I3, λ3, λ8) first generation second generation third generation
neutrino doublet (−1, 12 , 0, 0) νeD(1) νµD(2) ντD(3)
neutrino singlet (0, 0, 0, 0) νeS(4) νµS(5) ντS(6)
electrical-lepton doublet (−1,− 12 , 0, 0) eD(7) µD(8) τD(9)
electrical-lepton singlet (−2, 0, 0, 0) eS(10) µS(11) τS(12)
red-(+quark) doublet (13 ,
1
2 ,
1
2 ,
√
3
6 ) urD(13) crD(14) trD(15)
red-(+quark) singlet (43 , 0,
1
2 ,
√
3
6 ) urS(16) crS(17) trS(18)
red-(-quark) doublet (13 ,− 12 , 12 ,
√
3
6 ) drD(19) srD(20) brD(21)
red-(-quark) singlet (− 23 , 0, 12 ,
√
3
6 ) drS(22) srS(23) brS(24)
green-(+quark) doublet (13 ,
1
2 ,− 12 ,
√
3
6 ) ugD(25) cgD(26) tgD(27)
green-(+quark) singlet (43 , 0,− 12 ,
√
3
6 ) ugS(28) cgS(29) tgS(30)
green-(-quark) doublet (13 ,− 12 ,− 12 ,
√
3
6 ) dgD(31) sgD(32) bgD(33)
green-(-quark) singlet (− 23 , 0,− 12 ,
√
3
6 ) dgS(34) sgS(35) bgS(36)
blue-(+quark) doublet (13 ,
1
2 , 0,
√
3
3 ) ubD(37) cbD(38) tbD(39)
blue-(-quark) singlet (43 , 0, 0,
√
3
3 ) ubS(40) cbS(41) tbS(42)
blue-(+quark) doublet (13 ,− 12 , 0,
√
3
3 ) dbD(43) sbD(44) bbD(45)
blue-(-quark) singlet (− 23 , 0, 0,
√
3
3 ) dbS(46) sbS(47) bbS(48)
The spin of the matter particles is 12 corresponding to fermions. The spin is represented by s3 which take values±1/2.
Gauge particles are spin-1 corresponding to bosons. The gauge forces are divided as electromagnetic force, weak-
interaction force and color force, correspondingly the gauge particles are photons γ, weak interaction bosons W±, Z0
and gluons g(i), i = 1, 2, · · · , 8. One photon and three weak bosons corresponds to 4 generators of electric-weak gauge
group U(1)⊗SU(2). Gluons are responsible for color force, eight gluons corresponds to 8 generators of group SU(3).
The following table shows the quantum numbers of gauge particles, where masses of gluons are equal and take value
m.
1 2 3 4 5 6 7 8 9 10 11 12
γ Z0 W+ W− g(1) g(2) g(3) g(4) g(5) g(6) g(7) g(8)
mass 0 mZ mW+ mW− m m m m m m m m
Y 0 0 0 0 0 0 0 0 0 0 0 0
I3 0 0 +1 -1 0 0 0 0 0 0 0 0
λ3 0 0 0 0 0 0 +1 -1 − 12 + 12 − 12 + 12
λ8 0 0 0 0 0 0 0 0 +
√
3
2 −
√
3
2 −
√
3
2 +
√
3
2
There is one kind of graviton, it has complicated spin representation, its mass, electric-charge and color charge are
all zeroes. Also we do not assume there exist Higgs particles.
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E. Matrix representations of the gauge charges
In gauge basis |et〉 of matter particles, gauge charges are represented as 48× 48 matrices. As we know, those gauge
charges are hypercharge Yˆ , isospin charges Iˆi, (i = 1, 2, 3) and color charges λˆp, (p = 1, 2, ..., 8). We will present
explicitly the matrix representations of those gauge charges.
1. Matrix representation of hypercharge, isospin charges and color charges
We will next use the following notations: 0ˆ is a 3× 3 matrix with all elements zeros, Iˆ is an 3× 3 identity matrix,
Uˆl and Uˆq are the Kobayashi-Maskawa mixed matrices of leptons and quarks which will be presented later.
Yˆ =

−Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ −Iˆ 0ˆ
0ˆ 0ˆ 0ˆ −2Iˆ
⊕ Iˆ ⊗

1
3 Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 43 Iˆ 0ˆ 0ˆ
0ˆ 0ˆ 13 Iˆ 0ˆ
0ˆ 0ˆ 0ˆ − 23 Iˆ
 (246)
Iˆ1 =
1
2


0ˆ 0ˆ Uˆl 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Uˆ †l 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
 ⊕ Iˆ ⊗

0ˆ 0ˆ Uˆ †q 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Uˆq 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (247)
Iˆ2 =
1
2


0ˆ 0ˆ −iUˆl 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
iUˆ †l 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
 ⊕ Iˆ ⊗

0ˆ 0ˆ −iUˆ †q 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
iUˆq 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (248)
Iˆ3 =
1
2


Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ −Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ −Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (249)
λˆp =

0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ −Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ (λˆp)3×3 ⊗

Iˆ 0ˆ 0ˆ 0ˆ
0ˆ Iˆ 0ˆ 0ˆ
0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ Iˆ
 , (250)
where (λˆp)3×3 are 3× 3 Gell-Mann matrices which take the forms,
λˆ1 =
1
2
 0 1 01 0 0
0 0 0
 , λˆ2 = 1
2
 0 −i 0i 0 0
0 0 0
 ,
λˆ3 =
1
2
 1 0 00 −1 0
0 0 0
 , λˆ4 = 1
2
 0 0 10 0 0
1 0 0
 ,
λˆ5 =
1
2
 0 0 −i0 0 0
i 0 0
 , λˆ6 = 1
2
 0 0 00 0 1
0 1 0
 ,
29
λˆ7 =
1
2
 0 0 00 0 −i
0 i 0
 , λˆ8 = 1
2
√
3
 1 0 00 1 0
0 0 −2
 .
We can find the matrices of Iˆ2 and λˆ2 take the form
Iˆ2 =
3
4


Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (251)
λˆ2 =
4
3


0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

Iˆ 0ˆ 0ˆ 0ˆ
0ˆ Iˆ 0ˆ 0ˆ
0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ Iˆ

 . (252)
The operators Yˆ , Iˆ, λˆp are unitary, and the following properties are satisfied,
Yˆ † = Yˆ ,
Iˆ† = Iˆ ,
λˆ†p = λˆp,
〈Yˆ , Yˆ 〉 = tr(Yˆ Yˆ ) = 40,
〈Iˆi, Iˆj〉 = tr(IˆiIˆj) = 6δij ,
〈λˆp, λˆq〉 = tr(λˆpλˆq) = 6δpq,
〈Yˆ , Iˆi〉 = 〈Yˆ , λˆp〉 = 〈Iˆi, λˆp〉 = 0. (253)
2. Matrix representation of the eigen-gauge charges
Due to the transformation between orthogonal gauge charges tˆa and the eigen-gauge charges Tˆa and the matrices
representations of hypercharge Yˆ , isospin charges Iˆi and the color charges λˆp, the matrix representations of the
eigen-gauge charges take the form
Tˆ1 = e


0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ −Iˆ 0ˆ
0ˆ 0ˆ 0ˆ −Iˆ
⊕ Iˆ ⊗

2
3 Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 23 Iˆ 0ˆ 0ˆ
0ˆ 0ˆ − 13 Iˆ 0ˆ
0ˆ 0ˆ 0ˆ − 13 Iˆ

 , (254)
Tˆ2 =
√
g21 + g
2
2
2


Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ (−1 + 2 sin2 θw)Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 2 sin2 θw Iˆ

⊕Iˆ ⊗

(1− 43 sin2 θw)Iˆ 0ˆ 0ˆ 0ˆ
0ˆ − 43 sin2 θwIˆ 0ˆ 0ˆ
0ˆ 0ˆ (−1 + 23 sin2 θw)Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 23 sin
2 θwIˆ

 , (255)
Tˆ3 =
g2√
2


0ˆ 0ˆ Uˆl 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ Uˆ †q 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (256)
30
Tˆ4 =
g2√
2


0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Uˆ †l 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Uˆq 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (257)
Tˆ4+p = g3


0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ (Λˆp)3×3 ⊗

Iˆ 0ˆ 0ˆ 0ˆ
0ˆ Iˆ 0ˆ 0ˆ
0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ Iˆ

 (258)
Here matrix (Λˆp)3×3 are the representation of algebra su(3) in Cartan-Weyl basis:
Λˆ1 =
1
2
 1 0 00 −1 0
0 0 0
 , Λˆ2 = 1
2
√
3
 1 0 00 1 0
0 0 −2
 ,
Λˆ3 =
1√
2
 0 1 00 0 0
0 0 0
 , Λˆ4 = 1√
2
 0 0 01 0 0
0 0 0
 ,
Λˆ5 =
1√
2
 0 0 00 0 1
0 0 0
 , Λˆ6 = 1√
2
 0 0 00 0 0
0 1 0
 ,
Λˆ7 =
1√
2
 0 0 00 0 0
1 0 0
 , λˆ8 = 1√
2
 0 0 10 0 0
0 0 0
 . (259)
One can check that we have the following property:
Tˆ †a = G
abTˆb = Tˆ
a, (260)
Tˆ a = Tˆ
a. (261)
F. Mass matrices of the matter particles
Mass is of fundamental for us. One feature of our theory is that the mass matrices are defined in gauge space.
Conventionally, the gauge invariant is necessary for gauge theory, thus mass can only be created by gauge symmetry
breaking caused by Higgs mechanism. In comparison for our theory, weak interaction gauge space does not satisfy
gauge invariant, but satisfy the general covariance condition. Thus mass can be represented as covariance matrix in
gauge space. We denote the mass matrix in gauge basis |et〉 as:
mˆ =

0ˆ mˆl0 0ˆ 0ˆ
mˆl0 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ mˆl−
0ˆ 0ˆ mˆl− 0ˆ
⊕ Iˆ ⊗

0ˆ mˆq+ 0ˆ 0ˆ
mˆq+ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ mˆq−
0ˆ 0ˆ mˆq− 0ˆ
 , (262)
where mˆl0, mˆl−, mˆq+ and mˆq− are mass matrices of neutral-lepton, electric-lepton, positive-electric-quark and
negative-electric-quark, respectively.
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Suppose the masses of three neutrinos are mνe,mνµ,mντ , the mass matrices take the form
mˆl0 =
 mνe 0 00 mνµ 0
0 0 mντ
 (263)
The three electric-leptons have masses me,mµ,mτ , we denote
mˆl− =
 me 0 00 mµ 0
0 0 mτ
 . (264)
Also we denote three positive-electric-quarks have masses mu,mc,mt, three negative-electric-quarks have masses
md,ms,mb, and the matrices as the following forms
mˆq+ =
 mu 0 00 mc 0
0 0 mt
 . (265)
mˆq− =
 md 0 00 ms 0
0 0 mb
 . (266)
The coupling constant of the electric-charge is
e =
g1g2√
g21 + g
2
2
(267)
The coupling constant of the weak charges is
gZ =
√
g21 + g
2
2 (268)
The Weinberg angle takes the form
cos θw =
g2√
g21 + g
2
2
, (269)
sin θw =
g1√
g21 + g
2
2
(270)
The angles between weak interactions of three generations of quarks are denoted by θ1, θ2, θ3, the PC broken symmetry
factor of weak interaction is δ1. And the Kobayashi-Maskawa matrices [17] for weak interaction are defined as
Uˆq =
 c1 −s1c2 −s1c2s1c3 c1c2c3 + s2s3e1 c1s2c3 − c2s3e1
s1c3 c1c2s3 − s2c3e1 c1s2s3 + c2c3e1
 (271)
where si = sin θi, ci = cos θi, (i = 1, 2, 3), e1 = exp(−iδ1).
Similarly for three generations of leptons, three angles of weak interaction are denoted as θ4, θ5, θ6, the broken
symmetry factor is δ2, and the Kobayashi-Kaskawa matrices take the form
Uˆl =
 c4 −s4c5 −s4c5s4c6 c4c5c6 + s5s6e2 c4s5c5 − c5s6e2
s4c6 c4c5s6 − s5c6e2 c4s5s6 + c5c6e2
 (272)
where similarly, sj = sin θj , cj = cos θj , (j = 4, 5, 6), e2 = exp(−iδ2).
The commutation relation between gauge charges Tˆa and the mass matrices of matter particles is
[Tˆa, mˆ] = mˆa (273)
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where
mˆ1 = 0, (274)
mˆ2 =
gZ
2


0ˆ mˆl0 0ˆ 0ˆ
−mˆl0 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ −mˆl−
0ˆ 0ˆ mˆl− 0ˆ
⊕ Iˆ ⊗

0ˆ mˆq+ 0ˆ 0ˆ
−mˆq+ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ −mˆq−
0ˆ 0ˆ mˆq− 0ˆ

 , (275)
mˆ3 =
g2√
2


0ˆ 0ˆ 0ˆ Uˆlmˆl0
0ˆ 0ˆ −mˆl−Uˆq 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ 0ˆ Uˆ †q mˆq+
0ˆ 0ˆ −mˆq−Uˆ †q 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (276)
mˆ4 =
g2√
2


0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ Uˆ †l mˆl− 0ˆ 0ˆ
−mˆl0Uˆ †l 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ Uˆqmˆq− 0ˆ 0ˆ
−mˆq+Uˆq 0ˆ 0ˆ 0ˆ

 , (277)
mˆ4+p = 0 (278)
In the above commutation relations, mass matrices commute with electric-charge and color charge, while does not
commute with weak charges.
Also we have mˆ† = mˆ and mˆ = −mˆ.
Here are some comments about the mass matrix. On gauge basis of matter particles |et〉, the matrix representation
of the following operators are diagonal: hypercharge Yˆ , the third element of the isospin Iˆ3, the third element of the
color charge λˆ3, the eighth element of the color charge λˆ8. So basis |et〉 is the common eigenvector of those operators.
The mass matrix mˆ is quasi-diagonal. The eigenvalues are Y , I3, λ3, λ8, m corresponding to Yˆ , Iˆ3, λˆ3, λˆ8, mˆ,
respectively. Those quantities are hypercharge, third element of the isospin, third and eighth elements of the color
charge and mass of the matter particles.
G. Projection operators
Here let us define some projectors of gauge space related with isospin singlet and isospin doublet.
(1)Projection operators PˆD, PˆS for isospin singlet and doublet are written as
PˆD =
4
3
Iˆ2 (279)
PˆS = 1− 4
3
Iˆ2. (280)
The singlet projector and the doublet projector satisfy the equations,
PˆD + PˆS = 1
PˆDPˆD = PˆD
PˆSPˆS = PˆS
PˆDPˆS = 0 (281)
(2)Similarly, lepton projector and quark projector are written as the following and have the properties,
Pˆl = 1− 3
4
λˆ2 (282)
Pˆq =
3
4
λˆ2, (283)
Pˆl + Pˆq = 1
PˆlPˆl = Pˆl
PˆqPˆq = Pˆq
PˆlPˆq = 0 (284)
Those projectors will be useful when we consider later Dirac equation.
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H. Eigenvectors of the weak interaction
Gauge charges of the weak interaction are Tˆ3 and Tˆ4. On the gauge charge basis of matter particles, Tˆ3 and Tˆ4
include the Kobayashi-Maskawa matrices Uˆl and Uˆq, so |et〉 is not the eigenvector for weak interaction. The basis can
be changed by unitary transformation to the eigenvector of the weak interaction,
|e′t′〉 = Uˆ tt′ |et〉, (285)
where this Uˆ is a 48× 48 unitary matrix and can be represented as
Uˆ =

Uˆ †l 0ˆ 0ˆ 0ˆ
0ˆ Uˆ †l 0ˆ 0ˆ
0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ Iˆ
⊕ Iˆ ⊗

Iˆ 0ˆ 0ˆ 0ˆ
0ˆ Iˆ 0ˆ 0ˆ
0ˆ 0ˆ Uˆ †q 0ˆ
0ˆ 0ˆ 0ˆ Uˆ †q

Uˆ Uˆ † = 1. (286)
On the basis of the eigenvector of weak interaction |e′t′〉, (t′ = 1, 2, ..., 48), operators Iˆ1, Iˆ2, Tˆ3, Tˆ4 and mˆ can be
represented as
Iˆ ′1 = Uˆ Iˆ1Uˆ
† =
1
2


0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (287)
Iˆ ′2 = Uˆ Iˆ2Uˆ
† =
1
2


0ˆ 0ˆ −iIˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
iIˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ −iIˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
iIˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (288)
Tˆ ′3 = Uˆ Tˆ3Uˆ
† =
g2√
2


0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ Iˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (289)
Tˆ ′4 = Uˆ Tˆ4Uˆ
† =
g2√
2


0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
⊕ Iˆ ⊗

0ˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ
Iˆ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ 0ˆ

 , (290)
mˆ′ = UˆmˆUˆ † =

0ˆ Uˆ †l mˆl0Uˆl 0ˆ 0ˆ
Uˆ †l mˆl0Uˆl 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ mˆl−
0ˆ 0ˆ mˆl− 0ˆ
⊕ Iˆ ⊗

0ˆ mˆq+ 0ˆ 0ˆ
mˆq+ 0ˆ 0ˆ 0ˆ
0ˆ 0ˆ 0ˆ Uˆ †q mˆq−Uˆq
0ˆ 0ˆ Uˆ †q mˆq−Uˆq 0ˆ
 , (291)
Operators Yˆ , Iˆ3, λˆp, Tˆ1, Tˆ2, Tˆ4+p are invariant under the unitary transformation Uˆ .
I. The correspondence between gauge particles and gauge charges
The 12 gauge particles corresponds to 12 elements of the gauge charge Tˆa. Photon γ corresponds to gauge charge
Tˆ1, weak interaction bosons Z0,W+,W− correspond to gauge charges Tˆ2, Tˆ3, Tˆ4, gluons g(p), (p = 1, 2, ..., 8) correspond
to gauge charges Tˆ4+p.
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The representation of the gauge basis can take the form of 12 eigen-gauge charges, they satisfy the equation,
[Tˆa, Tˆb] = C
c
abTˆc, (292)
The elements of the gauge charges can be the structure constants
(Tˆa)
c
b = C
c
ab. (293)
The following properties can be checked by direct calculations,
[Yˆ , Tˆa] = Y Tˆa, (294)
[Iˆ3, Tˆ ] = I3Tˆa, (295)
[λˆ3, Tˆa] = λ3Tˆa, (296)
[λˆ8, Tˆa] = λ8Tˆa, (297)
J. Mass matrix of the gauge particles
The mass matrix of the gauge particles is defined as gauge tensor in eigen-gauge charges Tˆa,
Mˆ = Mab Tˆa ⊗ Tˆ b. (298)
We consider respectively the weak interaction bosons part Mˆweak and the gluon part Mˆgluon, so
Mˆ = Mˆweak + Mˆgluon. (299)
The mass matrix elements concerning about weak interaction bosons can be written as,
Mˆweak = m
2
Z Tˆ2 ⊗ Tˆ 2 +m2W Tˆ3 ⊗ Tˆ 3 +m2W Tˆ4 ⊗ Tˆ 4, (300)
where mZ = 91188MeV , is the mass of particle Z0, mW = 80398MeV , is the mass of particles W+,W−, they are
connected through the Weinberg angle as
mW = mZ cos θw. (301)
Due to the transformation between tˆa and Tˆa, we have
Mˆweak = m
abtˆa ⊗ tˆb
= m2Z(sin
2 θw tˆ1 ⊗ tˆ1 − 2 sin θw cos θw tˆ1 ⊗ tˆ4 + cos2 θw tˆ4 ⊗ tˆ4)
+m2Z cos
2 θw(tˆ2 ⊗ tˆ2 + tˆ3 ⊗ tˆ3)
= m2Z cos
2 θw(tg
2θw tˆ1 ⊗ tˆ1 − 2tgθw tˆ1 ⊗ tˆ4 + tˆ2 ⊗ tˆ2 + tˆ3 ⊗ tˆ3 + tˆ4 ⊗ tˆ4). (302)
Note if tˆ1 = 0, operators tˆ2, tˆ3, tˆ4 are symmetric for Mˆ , that means Mˆ are symmetric for isospin group SU(2), and
also mW = mZ cos θW is necessary for this symmetry.
In this work, we assume the masses of gluons are all m, thus we have
Mˆgluon = M
(4+p)
(4+p) Tˆ4+p ⊗ Tˆ 4+p
= m2Tˆ4+p ⊗ Tˆ 4+p (303)
where p = 1, 2, · · · , 8, M (4+p)(4+p) = m2, and Tˆ4+p corresponds to color charges. This result will be useful in studying the
dark energy. Note that the SU(3) symmetry does not be broken by this mass matrix.
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K. Gauge representation for gravity field
Gauge representation of gravity is 1D identity denoted as
Vg(G) = Tg(0) = Vg(0, 0, 0, 0) (304)
We can choose the gauge basis for graviton as 1, gauge charges Tˆa commute with 1, thus we can say the gauge charge
of graviton is zero.
V. REPRESENTATION THEORY
In this work, particles or fields are defined by three class of parameters: coordinate-momentum, spin and gauge
charges. The coordinates-momentum are independent with spin and gauge bosons. Fields or particles and the
interactions are represented as a vector for matter fields or operator for force fields in a direct product space by three
class of spaces: coordinate-momentum space, spin space and gauge space, V (M) = Vxp ⊗ VS(M) ⊗ Vg(M). The
quantum state |est〉 of a matter particle is defined as the direct (tensor) product in coordinate-basis, spin-basis and
gauge-basis, |est(x)〉 = |x〉 ⊗ |es〉 ⊗ |et〉, where x ∈ R4, s = 1, 2, 3, 4 and t = 1, 2, ..., 48. It is the common-eigenstate
of 10 operators xˆ0, xˆ1, xˆ2, xˆ3, γˆ5, sˆ12, Yˆ , Iˆ3, λˆ3 and λˆ8. In this representation, coordinate state can be changed to
momentum state |x〉 → |p〉 and we have |est(p)〉 = |p〉⊗ |es〉⊗ |et〉. The quantum state of matter-particle |ψ〉 can then
be expanded in either coordinate state |est(x)〉 or momentum state |est(p)〉, Please note in our representation, spin,
gauge and general coordinate-momentum are dealt in the same positions.
Before proceed, we would like to briefly summarize our representation results. The framework of this theory is that
all fields and particles are described by their representations with three properties: coordinate-momentum, spin and
gauge. Their properties will be governed by three fundamental equations.
The quantum parameters are coordinate xˆµ, momentum pˆµ, spin sˆαβ and gauge charges Tˆa (or tˆa), altogether there
are 26 parameters. The commutation relations for those parameters are:
[xˆµ, pˆν ] = −iδµν , (305)
[xˆµ, xˆν ] = [pˆµ, pˆν ] = 0, (306)
[sˆαβ , sˆρσ] = −i(ηαρsˆβσ − ηβρsˆασ + ηασ sˆρβ − ηβσ sˆρα), (307)
[Tˆa, Tˆb] = C
c
abTˆc, (308)
[xˆµ, sˆαβ ] = [xˆ
µ, Tˆa] = [pˆµ, sˆαβ ] = [pˆµ, Tˆa] = [sˆαβ, Tˆa] = 0. (309)
The 26 quantum parameters and the unit constitute a Lie algebra A,
A =
{
Zˆ : Zˆ = aµxˆ
µ + bµpˆµ + α+
1
2
Γαβ sˆαβ + θ
aTˆa
}
. (310)
This algebra is a direct summation of three algebras, coordinate-momentum algebra Axp, spin algebra AS and gauge
algebra Ag,
A = Axp ⊕AS ⊕Ag. (311)
The group corresponding to this Lie algebra is written as
G =
{
Uˆ : Uˆ = exp[i(aµxˆ
µ + bµpˆµ + α+
1
2
ωαβ sˆαβ + ξ
aTˆa)]
}
. (312)
This group is a direct product of groups of coordinate-momentum, spin and gauge
G = Gxp ⊗GS ⊗Gg. (313)
The representation space is simply the direct product of three representation spaces corresponding to coordinate-
momentum, spin and gauge respectively.
We next list respectively the representation of (i) matter particles, (ii) the gauge particles and (iii) the graviton.
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A. Representation of matter particles
The representation of matter particles is in the total direct product space
V (M) = Vxp(M)⊗ VS(M)⊗ Vg(M). (314)
The adjoint has similar representation,
V (M) = V xp(M)⊗ V S(M)⊗ V g(M). (315)
The operators are acting on those spaces,
O(M) = V (M)⊗ V (M). (316)
The basis of matter particles is a direct product of three class of basis, coordinate, spin and gauge
|est(x)〉 = |x〉 ⊗ |es〉 ⊗ |et〉, (317)
as we already know that x ∈ R4; s = 1, 2, 3, 4; t = 1, 2, ..., 48. Recall the metrics of spin space and gauge space, the
adjoint of the basis takes the form
〈est(x)| = (γˆ0)ss′ |es′t(x)〉 = 〈x| ⊗ 〈es| ⊗ et|. (318)
The normalization and the complete conditions are
〈est(x)|es′t′(x′)〉 = δss′δtt′δ4(x− x′),∫
R4
|est(x)〉〈est(x)|d4x = 1. (319)
Similarly for momentum representation, we also have
|est(p)〉 = |p〉 ⊗ |es〉 ⊗ |et〉. (320)
〈est(p)| = 〈p| ⊗ 〈es| ⊗ et|. (321)
The normalization and the complete conditions are
〈est(p)|es′t′(p′)〉 = δss′δtt′δ4(p− p′),∫
R4
|est(p)〉〈est(p)|d4p = 1. (322)
The transformation elements between coordinate and momentum take the form
〈est(x)|es′t′(p)〉 = (2π)−2δss′δtt′ exp(−ipx). (323)
The general quantum state of the matter particles can be expanded in terms of those basis, either in coordinate or
in momentum basis,
|Ψ〉 =
∫
R4
Ψst(x)|est(x)〉d4x =
∫
R4
Ψ˜st(p)|est(p)〉d4p, (324)
where coefficients Ψst(x) in the expansion are defined as
Ψst(x) = 〈est(x)|Ψ〉 = (2π)−2
∫
R4
Ψ˜st(p) exp(−ipx)d4p,
Ψ˜st(p) = 〈est(p)|Ψ〉 = (2π)−2
∫
R4
Ψst(x) exp(ipx)d4x. (325)
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Thus all quantum states of matter particles constitute the representation space V (M) which is simply written as,
V (M) = {|Ψ〉 : |Ψ〉 =
∫
R4
Ψst(x)|est(x)〉d4x}
= {|Ψ〉 : |Ψ〉 =
∫
R4
Ψ˜st(p)|est(p)〉d4p}. (326)
The adjoint states 〈Ψ| can be similarly written as,
〈Ψ| = |Ψ〉 =
∫
R4
Ψ∗st(x)〈est(x)|d4x =
∫
R4
Ψ˜∗st(p)〈est(p)|d4p, (327)
note that the coefficients have the metric of spin space,
Ψ∗st(x) = 〈Ψ|est(x)〉 = (γˆ0)ss′Ψ∗s
′t(x), (328)
Ψ˜∗st(p) = 〈Ψ|est(p)〉 = (γˆ0)ss′Ψ∗s
′t(p). (329)
The adjoint representation space is constituted by the adjoint states V (M) = {〈Ψ|}.
The operator representation space can be considered to be constructed by two spaces V (M)⊗V (M) and is denoted
as,
O(M) =
{
Aˆ : Aˆ =
∫
R4
∫
R4
Asts′t′(x
′, x)|es′t′(x′)〉〈est(x)|d4x′d4x
}
=
{
Aˆ : Aˆ =
∫
R4
∫
R4
A˜sts′t′(p
′, p)|es′t′(p′)〉〈est(p)|d4p′d4p
}
(330)
The inner product of two vectors is represented as
〈Φ|Ψ〉 = tr (|Ψ〉〈Φ|) =
∫
R4
Φ∗st(x)Ψ
st(x)d4x
=
∫
R4
Φ˜∗st(p)Ψ˜
st(p)d4p (331)
B. Representation of gauge particles
Representation theory for gauge particles: The representation space of gauge particles is also a direct product of
coordinate-momentum representation space, spin representation space and the gauge representation space,
V (A) = Vxp(A)⊗ VS(A) ⊗ Vg(A). (332)
The basis of Vxp(A) for coordinate and momentum are εˆ(x) and εˆ(p), where x ∈ R4, p ∈ R4. The basis VS(A) of spin
are γˆα1···αp , where αi = 0, 1, 2, 3 are orthogonal space-time indices, p = 0, 1, 2, 3 is the rank of the tensor. Tˆa is the
basis of Vg(A), where a = 1, 2, · · · , 12. So the total basis can be written as
εˆα1···αpa (x) = εˆ(x) ⊗ γˆα1···αp ⊗ Tˆa, (333)
εˆα1···αpa (p) = εˆ(p)⊗ γˆα1···αp ⊗ Tˆa. (334)
The operator of gauge particles is represented as,
Xˆ =
1
p!
Xˆaα1···αp ⊗ γˆα1···αp ⊗ Tˆa
=
1
p!
∫
R4
Xaα1···αp(x)εˆ
α1···αp
a (x)d
4x
=
1
p!
∫
R4
X˜aα1···αp(p)εˆ
α1···αp
a (p)d
4p. (335)
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The coordinate-momentum functions Xaα1···αp(x) and X˜
a
α1···αp(p) are related through Fourier transformation,
Xaα1···αp(x) = (2π)
−2
∫
R4
X˜aα1···αp(p) exp(−ixp)d4p, (336)
X˜aα1···αp(p) = (2π)
−2
∫
R4
Xaα1···αp(p) exp(ixp)d
4x, (337)
C. Representation of graviton
The representation space of graviton also includes coordinate-momentum, spin and gauge,
V (G) = Vxp(G)⊗ VS(G) ⊗ Vg(G). (338)
Here we would like to point out that Vxp is an infinite dimensional space, VS(G) is a 256 dimensional mixed tensor
space, VG(G) is a 1-dimensional gauge representation space.
Vxp(G) has the basis εˆ(x) and εˆ(p). The basis of VS(G) is γˆ
α1···αp
β1···βq , where αi, βi = 0, 1, 2, 3 are indices of the
orthogonal space-time, p, q = 0, 1, 2, 3, 4 are ranks of the spin mixed tensor.
So the basis of graviton for coordinate and momentum are,
εˆ
α1···αp
β1···βq (x) = εˆ(x) ⊗ γˆ
α1···αp
β1···βq , (339)
εˆ
α1···αp
β1···βq (x) = εˆ(p)⊗ γˆ
α1···αp
β1···βq . (340)
The operator representation for graviton is
Yˆ =
1
p!q!
Yˆ
β1···βq
α1···αp ⊗ γˆα1···αpβ1···βq
=
1
p!q!
∫
R4
Y
β1···βq
α1···αp (x)εˆ
α1···αp
β1···βq (x)d
4x
=
1
p!q!
∫
R4
Y˜
β1···βq
α1···αp (p)εˆ
α1···αp
β1···βq (p)d
4p. (341)
The Fourier transformation connects the functions for coordinate and momentum together,
Y
β1···βq
α1···αp (x) = (2π)
−2
∫
R4
Y˜
β1···βq
α1···αp (p) exp(−ixp)d4p, (342)
Y˜
β1···βq
α1···αp (p) = (2π)
−2
∫
R4
Y
β1···βq
α1···αp (x) exp(ixp)d
4x. (343)
In quantum mechanics, the time evolution of a quantum state or an operator are described by Scho¨dinger representa-
tion or Heisenberg representation, respectively. We may notice that time and space are not symmetric. In comparison
for our work, there is no absolute time and space in general relativity, thus coordinates are dealt symmetrically. The
state |est〉 is an event.
VI. DIFFERENTIAL GEOMETRY, REPRESENTATION OF GRAVITY FIELD AND GAUGE FIELDS
For a manifold, the geometry is characterized by vierbeins and the corresponding connections. We consider next
the differential geometry properties related with gravity field and gauge fields. Our work, however, is actually an
algebraic realization of the differential geometry by a proper representations.
A. The spin vierbein
The spin vierbein formalism takes the form
θˆ = θˆµα ⊗ γˆα ⊗ pˆµ,
θˆµα =
∫
R4
θ˜µα(x)εˆ(x)d
4x =
∫
R4
θ˜µα(p)εˆ(p)d
4p, (344)
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where θˆµα are the spin vierbein coefficients. θ
µ
α(x) and θ˜
µ
α(x) are coordinate functions and momentum functions in
spin vierbein formalism, they satisfy relations
θ˜µα(p) = (2π)
−2
∫
R4
θµα(x) exp(ipx)d
4x,
θµα(x) = (2π)
−2
∫
R4
θ˜µα(p) exp(−ipx)d4p. (345)
The adjoint of the spin vierbein coefficient is defined as
θˆµα = eˆ
µ
α (346)
Due to the spin vierbein coefficients θˆµα, we can define the momentum metric as
gˆµν = ηαβ θˆµαθˆ
ν
β ,
gˆ = gˆµν ⊗ pˆµ ⊗ pˆν , (347)
where ηαβ is the free metric, i.e., Minkowski metric. gˆµν satisfies,
gˆµν = gˆµν
gˆµν = gˆνµ. (348)
gˆµν is the contra-variance metric tensor, the covariance metric tensor gˆµν can be defined as the inverse of the contra-
variance metric tensor gˆµν ,
gˆµλgˆ
λν = δνµ,
gˆµν =
Aˆµν
det[gˆ]
, (349)
where Aˆµν is the algebraic complementary minor of elements gˆ
µν . The covariance metric takes the form
ηαβ = gˆµν θˆ
µ
αθ
ν
β. (350)
The lowering or rising of the indices in momentum tensor can be realized by multiplying momentum metric gˆµν and
gˆµν , while for indices in spin tensor, the spin metrics η
αβ and ηαβ should be used. For example, the case of orthogonal
vierbein we have,
eˆαµ = η
αβ gˆµν θˆ
ν
β , (351)
γˆα = ηαβ γˆ
β, (352)
eˆ = eˆαµ ⊗ γˆα ⊗ dxµ, (353)
where the orthogonal vierbein operator θˆµα and the dual orthogonal vierbein operator θˆ
α
µ satisfy the relation,
θˆµαeˆ
β
µ = δ
β
α,
θˆµαeˆ
α
ν = δ
µ
ν . (354)
The spin of the vierbein formalism θˆα = θˆ
µ
α ⊗ pˆµ satisfies the commutation relations
[θˆα, θˆβ] = ifˆ
γ
αβ θˆγ , (355)
where fˆγαβ are the structure coefficients in spin vierbein formalism and are represented as
fˆγαβ = (θˆ
µ
α∂µθˆ
ν
β − θˆµβ∂µθˆνα)eˆγν . (356)
Note that the structure coefficients here may not be confused as the structure constants of su(3) appeared previously.
The structure coefficients are antisymmetric, have adjoint, and satisfy Jacobi equation:
fˆγαβ = −fˆγβα (357)
fˆγαβ = fˆ
γ
αβ (358)
θˆµα∂µfˆ
ρ
βγ + θˆ
µ
β∂µfˆ
ρ
γα + θˆ
µ
γ∂µfˆ
ρ
αβ + fˆ
σ
βγ fˆ
ρ
ασ + fˆ
σ
γαfˆ
ρ
βσ + fˆ
σ
αβ fˆ
ρ
γσ = 0, (359)
where we have used the equation,
[θˆα, [θˆβ , θˆγ ]] + [θˆβ , [θˆα, θˆγ ]] + [θˆγ , [θˆα, θˆβ]] = 0. (360)
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B. Connection of gravity
The gravity connection is defined as
Γˆ =
1
2
Γˆρσα ⊗ γˆα ⊗ sˆρσ, (361)
Γˆρσα =
1
2
(fˆρσα + fˆ
ρ,σ
α − fˆσ,ρα ), (362)
where we have used the notations
fˆρστ = η
ραησβητγ fˆ
γ
αβ ,
fˆρ,στ = η
σβ fˆρτβ. (363)
The gravity connections are antisymmetric, have adjoint and satisfy no-torsion condition,
Γˆαβγ = −Γˆβαγ (364)
Γˆαβγ = Γˆ
αβ
γ , (365)
Γˆαγ,β − Γˆαβ,γ = fˆαβγ, (366)
the last equation can lead to the result that the torsion is zero,
Tˆ γαβ = Γˆ
γ
α,β − Γˆγβ,α − fˆγαβ = 0. (367)
Here let us discuss the spin of graviton defined by γˆα ⊗ sˆρσ. As we know the representation space of γˆα is 4-
dimensional VS(
1
2 ,
1
2 ), the representation space of sˆρσ is 6-dimensional VS(0, 1)⊕ VS(1, 0). So the spin representation
space of graviton is expressed as,
VS(
1
2
,
1
2
)⊗ [VS(0, 1)⊕ VS(1, 0)]
= VS(
1
2
,
1
2
)⊕ VS(1
2
,
3
2
)⊕ VS(1
2
,
1
2
)⊕ VS(3
2
,
1
2
). (368)
The spin is defined as the maximal eigenvalues of sˆ3. Here we can find max(s3) =
1
2 +
3
2 = 2, thus the graviton is
spin-2.
C. Gauge connection
The gauge connection is defined as
Aˆ = Aˆaα ⊗ γˆα ⊗ Tˆa, (369)
similarly we have
Aˆaα =
∫
R4
Aaα(x)εˆ(x)d
4x =
∫
R4
A˜aα(p)εˆ(p)d
4p, (370)
where Aaα(x) and A
a
α(x) are coordinate and momentum functions, respectively. The relation is
A˜aα(p) = (2π)
−2
∫
R4
Aaα(x) exp(ipx)d
4x,
Aaα(x) = (2π)
−2
∫
R4
A˜aα(p) exp(−ipx)d4p,
(371)
The adjoint of the gauge connection is,
Aˆaα = GabAˆ
b
α. (372)
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D. Definition of the general covariance derivative operator
Now we define the covariance derivative operator as
Dˆα = −iθˆµα ⊗ pˆµ +
i
2
Γˆρσα ⊗ sˆρσ − iAˆaα ⊗ Tˆa. (373)
This operator has connections of gravity, connections of gauge and spin vierbein. Thus it can describe all force fields.
As in quantum mechanics, when acting on operators, it is represented in the form of commutating calculation, when
acting on matter fields, it is represented as an operator acting on quantum states.
Here we list the properties of this newly defined general covariance derivative operator,
Dˆα = −Dˆα, (374)
Dˆα|est(x)〉 =
∫
R4
[
θµα(x
′)
∂
∂xµ
+
i
2
Γρσα (x
′)sˆρσ − iAaα(x′)Tˆa
]
δ4(x− x′)|est(x′)d4x′, (375)
〈est(x)|Dˆα =
∫
R4
d4x′〈est(x)|
[
−θµα(x′)
∂
∂xµ
+
i
2
Γρσα (x
′)sˆρσ − iAaα(x′)Tˆa
]
δ4(x − x′), (376)
Dˆα|est(p)〉 = (2π)−2
∫
R4
[
−iθ˜µα(p′)pµ +
i
2
Γ˜ρσα (p
′)sˆρσ − iA˜aα(p′)Tˆa
]
|est(p+ p′)d4p′, (377)
〈est(p)|Dˆα = (2π)−2
∫
R4
d4p′〈est(p+ p′)|
[
−iθ˜µα(p′)pµ +
i
2
Γ˜ρσα (p
′)sˆρσ − iA˜aα(p′)Tˆa
]
(378)
[Dˆα, εˆ(x)] =
∫
R4
θµα(x
′)
∂
∂xµ
δ4(x− x′)εˆ(x′)d4x′, (379)
[Dˆα, εˆ(p)] = (2π)
−2
∫
R4
−iθ˜µα(p′)pµεˆ(p+ p′)d4p′, (380)
[Dˆα, γˆ
α1···αp ] = −Γˆα1α,ργˆρ···αp − · · · − Γˆαpα,ργˆα1···ρ, (381)
[Dˆα, γˆα1···αp ] = Γˆ
ρ
α,α1
γˆρ···αp + · · ·+ Γˆρα,αp γˆα1···ρ, (382)
[Dˆα, Tˆb] = −iCcabAaαTˆc, (383)
Dˆα(a|Ψ〉+ b|Φ〉) = aDˆα|Ψ〉+ bDˆα|Φ〉, (384)
[Dˆα, aAˆ+ bBˆ] = a[Dˆα, Aˆ] + b[Dˆα, Bˆ], (385)
Dˆα(Aˆ|Ψ〉) = [Dˆα, Aˆ]|Ψ〉+ Aˆ(Dˆα|Ψ〉), (386)
[Dˆα, AˆBˆ] = [Dˆα, Aˆ]Bˆ + Aˆ[Dˆα, Bˆ], (387)
[Dˆα, Aˆ⊗ Bˆ] = [Dˆα, Aˆ]⊗ Bˆ + Aˆ⊗ [Dˆα, Bˆ], (388)
[Dˆα, Aˆ · Bˆ] = [Dˆα, Aˆ] · Bˆ + Aˆ · [Dˆα, Bˆ], (389)
[Dˆα, Aˆ ∧ Bˆ] = [Dˆα, Aˆ] ∧ Bˆ + Aˆ ∧ [Dˆα, Bˆ], (390)
[Dˆα, con(Aˆ)] = con([Dˆα, Aˆ]), (391)
[Dˆα, [Aˆ, Bˆ]] = [[Dˆα, Aˆ], Bˆ] + [Aˆ, [Dˆα, Bˆ], (392)
〈Φ|
(
Dˆα|Ψ〉
)
−
(
〈Φ|Dˆα
)
|Ψ〉 = −〈Φ|∂µθˆµα|Ψ〉, (393)
〈Φ|εˆ(x)
(
Dˆα|Ψ〉
)
−
(
〈Φ|Dˆα
)
εˆ(x)|Ψ〉 = θµα(x)∂µ〈Φ|εˆ(x)|Ψ〉, (394)
〈Φ|εˆ(p)
(
Dˆα|Ψ〉
)
−
(
〈Φ|Dˆα
)
εˆ(p)|Ψ〉 = θ˜µα(p) ∗ (pµ〈Φ|εˆ(x)|Ψ〉) , (395)
〈[Dˆα, Aˆ], Bˆ〉+ 〈[Aˆ, [Dˆα, Bˆ]〉 = 0. (396)
The general covariance derivative operator Dˆα can act on the matter fields. Let’s next see how the calculation can
be made explicitly.
As we have already seen, the matter fields can be described in several forms below, respectively,
|Ψ〉 = |est〉 ⊗ |es〉 ⊗ |et〉 =
∫
R4
Ψst(x)|est(x)〉d4x =
∫
R4
Ψ˜st(p)|est(x)〉d4p.
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By applying the operator Dˆα, we have,
Dˆα|Ψ〉 = |DαΨst〉 ⊗ |es〉 ⊗ |et〉
=
∫
R4
DαΨ
st(x)|est(x)〉d4x
=
∫
R4
DαΨ˜
st(p)|est(x)〉d4p, (398)
where the calculation should be in form
Dˆα|Ψ〉 = (−iθˆµαpˆµ +
i
2
Γˆρσα sˆρσ − iAˆaαTˆa)|Ψ〉, (399)
|DαΨst〉 = θˆµα|∂µΨst〉+
i
2
Γˆρσα (sˆρσ)
s
s′ |Ψs
′t〉 − iAˆaα(Tˆa)tt′ |Ψst
′〉, (400)
DαΨ
st = θµα∂µΨ
st +
i
2
Γˆρσα (sˆρσ)
s
s′Ψ
s′t − iAaα(Tˆa)tt′Ψst
′
, (401)
DαΨ˜
st = −iθ˜µα ∗ [pµΨ˜st] +
i
2
Γ˜ρσα ∗ [(sˆρσ)ss′Ψ˜s
′t]− iA˜aα ∗ [(Tˆa)tt′Ψ˜st
′
]. (402)
(403)
Similar results are for the adjoint state of matter fields when we apply the operator Dˆα,
〈Ψ|Dˆα = 〈et| ⊗ 〈es|⊗〉〈DαΨst|
=
∫
R4
d4x〈est(x)|DαΨ∗st(x)
=
∫
R4
d4p〈est(x)|DαΨ˜∗st(p), (404)
where
〈Ψ|Dˆα = 〈Ψ|(−ipˆµθˆµα +
i
2
sˆρσΓˆ
ρσ
α − iTˆaAˆaα), (405)
〈DαΨst| = 〈∂µΨst|θˆµα −
i
2
〈Ψs′t|Γˆρσα (sˆρσ)s
′
s − i〈Ψst′ |Aˆaα(Tˆa)t
′
t , (406)
DαΨ
∗
st = −θµα∂µΨ∗st +
i
2
Γˆρσα (sˆρσ)
s′
s Ψ
∗
s′t − iAaα(Tˆa)t
′
t Ψ
∗
st′ , (407)
DαΨ˜
∗
st = iθ˜
µ
α ∗ (pµΨ˜∗st)−
i
2
Γ˜ρσα ∗ [(sˆρσ)s
′
s Ψ˜
∗
s′t]− iA˜aα ∗ [(Tˆa)t
′
t Ψ˜
∗
st′ ]. (408)
For gauge operator Xˆ, the covariance derivation is
Xˆ =
1
p!
Xˆaα1···αp ⊗ γˆα1···αp ⊗ Tˆa, (409)
[Dˆα, Xˆ ] =
1
p!
(DαXˆ
a
α1···αp)⊗ γˆα1···αp ⊗ Tˆa (410)
DαXˆ
a
α1···αp = θˆ
µ
α∂µXˆ
a
α1···αp − iCabcAˆbαXˆcα1···αp − Γˆρα,α1Xˆaρ···αp − · · · − Γˆρα,αpXˆaα1···ρ, (411)
where we have used the notation Γˆρα,β = ηβσΓˆ
ρσ
α .
The calculation of the derivation of the gravity field takes the form
Yˆ =
1
p!q!
Yˆ β1···βqaα1···αp ⊗ γˆ
α1···αp
β1···βq , (412)
[Dˆα, Yˆ ] =
1
p!q!
(
DαYˆ
β1···βq
aα1···αp
)
⊗ γˆα1···αpβ1···βq , (413)
DαYˆ
β1···βq
aα1···αp
= θˆµα∂µYˆ
β1···βq
aα1···αp
− Γˆρα,α1 Yˆ
β1···βq
ρ···αp − · · · − Γˆρα,αp Yˆ
β1···βq
α1···ρ (414)
+ Γˆβ1α,ρYˆ
ρ···βq
α1···αp + · · ·+ Γˆβqα,ρYˆ β1···ρα1···αp . (415)
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Based on the general covariance derivation, the generalized divergence and curl can be defined. Suppose Kˆ is a
p-form antisymmetric spin tensor, we define
Dˆ ∧ Kˆ = γˆ ∧ [Dˆα, Kˆ], (416)
Dˆ · Kˆ = γˆ · [Dˆα, Kˆ], (417)
(418)
where the covariance differential takes the form Dˆ = γˆα⊗Dˆα. We can find that Dˆ∧Kˆ is a (p+1)-form antisymmetric
spin tensor, and Dˆ ·Kˆ is a (p−1)-form tensor. So these calculations can be considered as a generalization of divergence
and curl.
E. Curvatures
We then define the interaction curvature as
Ωˆαβ = i[Dˆα, Dˆβ]− ifˆγαβDˆγ ,
Ωˆ = Ωˆαβ ⊗ sˆαβ (419)
The interaction curvature has adjoint, is antisymmetric and satisfies the Bianchi identity,
Ωˆαβ = −Ωˆβα (420)
Ωˆαβ = Ωˆαβ (421)
DˆαΩˆβγ + DˆβΩˆγα + DˆγΩˆαβ = 0. (422)
The Bianchi identity can be represented as the covariance curl as
Dˆ ∧ Ωˆ = 0. (423)
The proof that the interaction curvature satisfies the Bianchi identity is presented as follows.
We start from the Jacobi relation,
[Dˆα, [Dˆβ, Dˆγ ]] + [Dˆβ , [Dˆγ , Dˆα]] + [Dˆγ , [Dˆα, Dˆβ]] = 0. (424)
With the help of the definition of the interaction curvature, we have
[Dˆα, Ωˆβγ ] = i[Dˆα, [Dˆβ, Dˆγ ]]− i[Dˆα, fˆρβγ ]Dˆρ − ifˆρβγ[Dˆα, Dˆρ]
= i[Dˆα, [Dˆβ, Dˆγ ]]− i(θˆµα∂µfˆρβγ + fˆσβγ fˆρασ)Dˆρ − fˆρβγΩˆαρ, (425)
also
DˆαΩˆβγ = [Dˆα, Ωˆβγ ]− Γˆρα,βΩˆργ − Γˆρα,γΩˆβρ
= i[Dˆα, [Dˆβ , Dˆγ ]− i[Dˆα, fˆρβγ ]Dˆρ − ifˆρβγ[Dˆα, Dˆρ]− Γˆρα,βΩˆργ − Γˆρα,γΩˆβρ
= i[Dˆα, [Dˆβ , Dˆγ ]− i(θˆµα∂µfˆρβγ + fˆσβγ fˆρασ)Dˆρ − fˆρβγΩˆαρ + Γˆρα,βΩˆγρ − Γˆρα,γΩˆβρ (426)
Substituting the definition of the spin connection and structure functions into the Jacobi identity, we have
DˆαΩˆβγ + DˆβΩˆγα + DˆγΩˆαβ
= i
(
[Dˆα, [Dˆβ , Dˆγ ]] + [Dˆβ , [Dˆγ , Dˆα]] + [Dˆγ , [Dˆα, Dˆβ ]]
)
−
(
θˆµα∂µfˆ
ρ
βγ + θˆ
µ
β∂µfˆ
ρ
γα + θˆ
µ
γ∂µfˆ
ρ
αβ + fˆ
σ
βγ fˆ
ρ
ασ + fˆ
σ
γαfˆ
ρ
βσ + fˆ
σ
αβ fˆ
ρ
γσ
)
Dˆρ
−(fˆρβγ − Γˆρβ,γ + Γˆργ,β)Ωˆαρ − (fˆργα − Γˆργ,α + Γˆρα,γ)Ωˆβρ − (fˆραβ − Γˆρα,β + Γˆρβ,α)Ωˆγρ
= 0 (427)
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Note that the interaction curvature can be represented as the summation of gravity curvature and the gauge
curvature,
Ωˆαβ =
1
2
Rˆρσαβ ⊗ sˆρσ + Fˆ aαβ ⊗ Tˆa. (428)
We next consider respectively the gravity curvature and the gauge curvature. The gravity curvature takes the form
Rˆρσαβ = θˆ
µ
α∂µΓˆ
ρσ
β − θˆµβ∂µΓˆρσα + Γˆργ,αΓˆγσβ − Γˆργ,βΓˆγσα − fˆγαβΓˆρσγ , (429)
Rˆ =
1
2
Rˆρσαβ ⊗ sˆαβ ⊗ sˆρσ, (430)
∇ˆα = −iθˆµα ⊗ pˆµ +
1
2
Γˆρσα ⊗ sˆρσ, (431)
Rˆµν = i[∇ˆµ, ∇ˆν ]− ifˆλµν∇ˆλ. (432)
The properties of the gravity curvature are listed in the following,
Rˆρσαβ = Rˆ
ρσ
αβ , (433)
Rˆρσαβ = −Rˆσραβ, (434)
Rˆρσαβ = −Rˆρσβα, (435)
Rˆρσ,αβ + Rˆ
ρ
α,βσ + Rˆ
ρ
β,σα = 0, (436)
Rˆρσ,αβ = Rˆαβ,ρσ (437)
The Bianchi identity for gravity curvature and the contraction take the form,
DˆαRˆ
ρσ
βγ + DˆβRˆ
ρσ
γα + DˆγRˆ
ρσ
αβ = 0, (438)
Dα(Rˆ
α
β −
1
2
Rˆ) = 0, (439)
where we used the notations Rˆαβ = Rˆ
αγ
βγ , Rˆ = Rˆ
β
β = Rˆ
βγ
βγ . This means
Dˆ ∧ Rˆ = 0. (440)
The proof that the summation of circular of indices is zero can be like the follows,
Rˆρσ,αβ + Rˆ
ρ
α,βσ + Rˆ
ρ
β,σα
= θˆµα∂µΓˆ
ρ
β,σ − θˆµβ∂µΓˆρα,σ + Γˆργ,αΓˆγβ,σ − Γˆργ,βΓˆγα,σ − fˆγαβΓˆργ,σ
+θˆµβ∂µΓˆ
ρ
σ,α − θˆµσ∂µΓˆρβ,α + Γˆργ,βΓˆγσ,α − Γˆργ,σΓˆγβ,α − fˆγβσΓˆργ,α
+θˆµσ∂µΓˆ
ρ
α,β − θˆµα∂µΓˆρσ,β + Γˆργ,σΓˆγα,β − Γˆργ,αΓˆγσ,β − fˆγσαΓˆργ,β
= θˆµσ∂µfˆ
ρ
αβ + θˆ
µ
α∂µfˆ
ρ
β,σ + θˆ
µ
β∂µfˆ
ρ
σα + fˆ
γ
αβ fˆ
ρ
σγ + fˆ
γ
βσfˆ
ρ
αγ + fˆ
γ
σαfˆ
ρ
βγ
= 0 (441)
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The gauge curvature takes the form
Fˆ aαβ = θˆ
µ
α∂µAˆ
a
β − θˆµβ∂µAˆaα − iCabcAˆbαAˆcβ − fˆγαβAˆaγ . (442)
Fˆ = Fˆ aαβ ⊗ sˆαβ ⊗ Tˆa (443)
The properties of the gauge curvature are listed in the following,
Fˆ aαβ = GabFˆ
b
αβ , (444)
Fˆ aαβ = −Fˆ aβα, (445)
DˆαFˆ
a
βγ + DˆβFˆ
a
γα + DˆγFˆ
a
αβ = 0. (446)
In a concise form, we have
Dˆ ∧ Fˆ = 0. (447)
We may also have the square of the general covariance derivation. Some results are,
[Dˆα, Dˆβ]|Ψ〉 = (−iΩˆαβ + fˆγαβDˆγ)|Ψ〉. (448)
For force field represented as operator Hˆ , the square of the general covariance derivation has properties,
Dˆα(DˆβHˆ)− Dˆβ(DˆαHˆ) = −i[Ωˆαβ, Hˆ ]. (449)
The proof of this equation is presented in the following. The Jacobi equation takes the form
[Dˆα, [Dˆβ , Hˆ]]− [Dˆβ, [Hˆ, Dˆα]]− [H, [Dˆα, Dˆβ]] = 0 (450)
With the help of the equations,
[Dˆα, [Dˆβ, Hˆ ]]− [Dˆβ, [Dˆα, Hˆ ]] = [[Dˆα, Dˆβ], H ] = −i[Ωˆαβ, Hˆ ] + fˆγαβ [Dˆγ , Hˆ ] (451)
we can find
Dˆα(DˆβHˆ)− Dˆβ(DˆαHˆ)
= [Dˆα, [Dˆβ , Hˆ]] + Γˆ
γ
β,α[Dˆγ , Hˆ]− [Dˆβ, [Dˆα, Hˆ ]]− Γˆγα,β[Dˆγ , Hˆ]
= [Dˆα, [Dˆβ , Hˆ]]− [Dˆβ, [Dˆα, Hˆ ]]− fˆγαβ[Dˆγ , Hˆ]
= −i[Ωˆαβ, Hˆ ]. (452)
VII. DIRAC EQUATION, YANG-MILLS EQUATION AND EINSTEIN EQUATION
A. Dirac equation
The Dirac equation for matter fields can be written as:
(iγˆαDˆα − mˆ)|Ψ〉 = 0, (453)
where mˆ is the mass matrix in gauge space, its eigenvalues are masses of the corresponding elementary particles.
Similarly the adjoint matter fields also satisfy Dirac equation,
〈Ψ|(iDˆαγˆα − mˆ) = 0, (454)
The square differential of the matter fields can be represented as
(DˆαDˆ
α − sˆαβΩˆαβ + Γˆαα,βDˆβ +Aaαγˆαmˆa + mˆ2)|Ψ〉 = 0, (455)
or
(DˆαDˆ
α − Rˆ− Fˆ + Γˆαα,βDˆβ +Aaαγˆαmˆa + mˆ2)|Ψ〉 = 0. (456)
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The proof of this equation starts from the Dirac equation by applying operator (−iγˆαDˆα − mˆ) on both sides,
(−iγˆαDˆα − mˆ)(iγˆαDˆα − mˆ)|Ψ〉 = 0. (457)
We have
(−iγˆαDˆα − mˆ)(iγˆβDˆβ − mˆ) = γˆαDˆαγˆβDˆβ + iγˆα[Dˆα, mˆ] + mˆ2, (458)
where
γˆαDˆαγˆ
βDˆβ = γˆ
αγˆβDˆαDˆβ + γˆ
α[Dˆα, γˆ
β]Dˆβ
= DˆαDˆ
α − isˆαβ [Dˆα, Dˆβ]− Γˆγα,βγˆαγˆβDˆγ
= DˆαDˆ
α − sˆαβ(Ωˆαβ + ifγαβDˆγ) + Γˆγαα Dˆγ + ifˆγαβ sˆαβDˆγ
= DˆαDˆ
α − sˆαβΩˆαβ + Γˆαα,γDˆγ , (459)
iγˆα[Dˆα, mˆ] = Aˆ
a
αγˆ
αmˆa. (460)
Then
(−iγˆαDˆα − mˆ)(iγˆβDˆβ − mˆ)
= γˆαγˆβDˆαDˆβ + γˆ
α[Dˆα, γˆ
β]Dˆβ + iγˆ
α[Dˆα, mˆ] + mˆ
2
= DˆαDˆ
α − isˆαβ[Dˆα, Dˆβ ] + Γγβ,αγˆαγˆβDˆγ −Aaαγˆα[Tˆa, mˆ] + mˆ2
= DˆαDˆ
α − sˆαβ(Ωˆαβ + ifˆγαβDˆγ)− Γγαα Dˆγ + ifˆγαβ sˆαβDˆγ − γˆα[Tˆa, mˆ]Aaα + mˆ2
= DˆαDˆ
α − sˆαβΩˆαβ − Γγαα Dˆγ − γˆα[Tˆa, mˆ]Aaα + mˆ2, (461)
where we have used the equation,
γˆαγˆβ = gαβ − 2isˆαβ. (462)
Thus the squared differential equation of the matter fields is obtained. Similarly, we have
〈Ψ|(DˆαDˆα − Ωˆαβ sˆαβ − DˆβΓˆαα,β −Aaαγˆαmˆa + mˆ2) = 0. (463)
We define energy-momentum tensor of matter fields as
tαβ(x) =
i
4
{〈Ψ|εˆ(x)[(γˆαDˆβ + γˆβDˆα)|Ψ〉] + [〈Ψ|(Dˆβ γˆα + Dˆαγˆβ)]εˆ(x)|Ψ〉}
B. Yang-Mills equation and gauge condition
The gauge fields Yang-Mills equation takes the form
Dˆ · Fˆ = Jˆ , (464)
or explicitly it can be written as,
DˆαFˆ
αβ
a = Jˆ
β
a . (465)
Here the total current is written as,
Jˆβa = jˆ
β
a +M
b
aAˆ
β
b , (466)
M ba are mass tensor of gauge bosons with M
2
2 = m
2
z, M
3
3 = M
4
4 = m
2
W , M
4+p
4+p = m
2, p = 1, 2, · · · , 8 for gluons and
M ba = 0 elsewhere, j
β
a is the gauge current density defined as,
jβa (x) = 〈Ψ|εˆ(x)γˆβ Tˆa|Ψ〉. (467)
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We have made the calculations,
DˆαFˆ
αβ
a = θˆ
µ
α∂µFˆ
αβ
a + C
c
abAˆ
b
αFˆ
αβ
c + Γˆ
α
α,ρFˆ
ρβ
a + Γˆ
β
α,ρFˆ
αρ
a
= Jˆβa . (468)
The conservation law for the gauge charges is
Dˆβ Jˆ
β
a = 0,
or Dˆ · Jˆ = 0. (469)
The proof of the conservation law of gauge charges is like the following. Due to the Yang-Mills equation,
DˆβJˆ
β
a = DˆβDˆαFˆ
αβ
a
=
1
2
(DˆβDˆα − DˆαDˆβ)Fˆαβa . (470)
With the help of the squared covariance derivation, we have
(DˆβDˆβ − DˆβDˆβ)Fˆαβa
= CcabFˆ
b
βαFˆ
αβ
c + Rˆ
α
ρ,βαFˆ
ρβ
a + Rˆ
β
ρ,βαFˆ
αρ
a
= CabcFˆ
b
βαFˆ
c,αβ + 2Rˆα,βFˆ
αβ
a
= 0, (471)
where we have used the properties that Cabc are antisymmetric while Rˆα,β are symmetric.
We next consider the gauge condition and the mass commutation relation. Since the conservation law for gauge
charges and the divergence of the gauge current, we can find that the gauge connections satisfy the condition,
Dˆα(M
b
aAˆ
α
b ) = −uˆa
= i
(
[Tˆa, mˆ]|Ψ〉
)
〈Ψ|. (472)
This is the gauge condition. We can see that in the present work this condition is not artificial but a necessary
condition for Yang-Mills equation. On the other hand, this equation is a restriction which indicates the relation
between gauge mass and the mass of matter fields.
Since mass of photon is zero, M11 = 0, we also have
[Qˆ, mˆ] = 0. (473)
The gauge condition (472) is always satisfied, so gauge of electromagnetic is arbitrary.
The masses of weak charges Wˆ+, Wˆ−, Zˆ0 are not zeroes, also they do not commute with the mass matrices of matter
fields,
[Wˆ±, mˆ] 6= 0, (474)
[Zˆ0, mˆ] 6= 0. (475)
From Eq.(472), we know that M ba can not be zero for weak charges Wˆ±, Zˆ0, that means weak bosons have masses.
Additionally, the gauge condition (472) is a constraint.
The masses of gluons are all m, and we know that,
[λˆp, mˆ] = 0, (476)
where p = 1, 2, · · · , 8. The gauge condition becomes as,
Dˆα(M
a
a Aˆ
α
b ) = Dˆα(m
2Aˆαb ) = 0, (477)
that means,
DˆαAˆ
α
b = 0. (478)
This is the gauge condition for gluon field.
The energy-momentum tensor of the gauge fields is
τˆαβ = Fˆ
αρ
a Fˆ
a
βρ −
1
4
δαβ Fˆ
ρσ
a Fˆ
a
ρσ +M
a
b Aˆ
α
a Aˆ
b
β −
1
2
δαβM
a
b Aˆ
ρ
aAˆ
b
ρ. (479)
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C. Einstein equation and energy-momentum conservation law
The Einstein equation takes the form,
Rˆαβ −
1
2
δαβ Rˆ = −8πGTˆαβ , (480)
where G is the gravity constant, Tˆαβ is the total energy-momentum tensor, Rˆ
α
β = Rˆ
αγ
βγ and Rˆ = Rˆ
α
α. There is no mass
of graviton appeared in Einstein equation, we thus mean that graviton is massless. From Einstein equation and the
contracted tensor of Bianchi identity of gravity, we can find,
Dˆα(Rˆ
α
β −
1
2
δαβ Rˆ) = 0. (481)
This turns out to be the energy-momentum conservation law,
DˆαTˆ
α
β = 0. (482)
The energy-momentum tensor is defined as the total energy-momentum tensors of gauge fields τˆαβ and matter fields
tˆαβ ,
Tˆαβ = τˆ
α
β + tˆ
α
β . (483)
We will later show that the energy momentum conservation law can also be proved by a direct calculations from Dirac
equation and Yang-Mills equation.
D. The unification properties of Dirac equation, Yang-Mill equation and Einstein equation
Here we would like to present the relationships for the three fundamental equations. For convenience, we list all
the related relations here:
1. Dirac equation:
(iγˆαDˆα − mˆ)|Ψ〉 = 0.
2. Yang-Mills equation:
DˆαFˆ
αβ
a = Jˆ
β
a .
3. Einstein equation:
Rˆαβ −
1
2
δαβ Rˆ = −8πGTˆαβ .
4. Total gauge current density:
Jˆβa = jˆ
β
a +M
b
aAˆ
β
b .
5. Gauge current density of matter fields:
jβa (x) = 〈Ψ|εˆ(x)γˆβ Tˆa|Ψ〉.
6. Total energy-momentum tensor:
Tˆαβ = τˆ
α
β + tˆ
α
β .
7. Energy-momentum tensor of matter fields:
tαβ(x) =
i
4
{〈Ψ|εˆ(x)[(γˆαDˆβ + γˆβDˆα)|Ψ〉] + [〈Ψ|(Dˆβ γˆα + Dˆαγˆβ)]εˆ(x)|Ψ〉}
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8. Energy-momentum tensor of gauge fields:
τˆαβ = Fˆ
αρ
a Fˆ
a
βρ −
1
4
δαβ Fˆ
ρσ
a Fˆ
a
ρσ +M
a
b Aˆ
α
a Aˆ
b
β −
1
2
δαβM
a
b Aˆ
ρ
aAˆ
b
ρ.
The general covariance derivative operator has the elements of the gravity field, gauge fields. It corresponds to force.
The Dirac equation means that the gravity force and the gauge forces can act on the matter fields. For Yang-Mills
equation, we find that the gravity force has effect on gauge fields, and gauge fields have effects on themselves. For
Einstein equation, gravity can acts on itself. From the representation of gravity field, we find that gauge charge of
graviton is zero. So gauge force does not have effect on gravity field. We can thus find that all three fundamental
equations are involved together. One key point that those equations are compatible is that from Einstein equation,
we can prove the energy-momentum conservation law. This result can also be obtained from Dirac equation and
Yang-Mills equation. The total energy-momentum of matter fields and gauges fields in Einstein equation can be
understood as the source of gravity.
VIII. ENERGY-MOMENTUM CONSERVATION LAW AND PHYSICAL QUANTITIES
Based on the representations and the fundamental equations. We next consider some physical quantities of the
unified theory. By tremendous calculations, we find one important result of our theory: the energy-momentum con-
servation law. With this result, we confirm that our theory is a compatible and combined form for three fundamental
equations.
A. Particle current density and spin current density
By using matter field |Ψ〉, its adjoint 〈Ψ| and the antisymmetric matrix γˆα1···αp (p=0,1,2,3,), one can construct two
antisymmetric tensors listed as
ρα(x) = 〈Ψ|εˆ(x)γˆα|Ψ〉, (484)
ραβγ(x) = 〈Ψ|εˆ(x)γˆαβγ |Ψ〉, (485)
The first one ρα(x) is the particle current density, the second one ραβγ(x) is related with the spin current density.
The antisymmetric tensor fields can be represented in an unified form,
ρα1···αp(x) = 〈Ψ|εˆ(x)γˆα1···αp |Ψ〉. (486)
This antisymmetric tensor field and its adjoint are the same due to the properties of εˆ and γˆα1···αp ,
ρα1···αp(x) = ρα1···αp(x). (487)
It is also antisymmetric.
The results of covariance differential are presented as,
Dˆαρ
α(x) = 0, (488)
Dˆαρ
αβγ(x) = 0, (489)
The proof of the first one is like the following,
θµα(x)∂µρ
α = θµα(x)∂µ〈Ψ|εˆ(x)γˆα|Ψ〉
= 〈Ψ|εˆ(x)
(
Dˆαγˆ
α|Ψ〉
)
−
(
〈Ψ|Dˆα
)
εˆ(x)γˆα|Ψ〉
= 〈Ψ|
(
[Dˆα, γˆ
α]εˆ(x)|Ψ〉
)
− i〈Ψ|εˆ(x)
(
iγˆαDˆα|Ψ〉
)
+ i
(
〈Ψ|iDˆαγˆα
)
εˆ(x)|Ψ〉
= −Γˆαα,β(x)〈Ψ|εˆ(x)γˆβ |Ψ〉 − i〈Ψ|εˆ(x) (mˆ|Ψ〉) + i (〈Ψ|mˆ) εˆ(x)|Ψ〉
= −Γˆαα,β(x)ρβ(x). (490)
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We thus have
Dˆαρ
α(x) = θµα(x)∂µρ
α(x) + Γˆαα,β(x)ρ
β(x) = 0. (491)
The proof of the second one is like the proof of the first one and is given as,
θµα(x)∂µρ
αβγ(x) = θµα(x)∂µ〈Ψ|εˆ(x)γˆαβγ |Ψ〉
= 〈Ψ|εˆ(x)
(
Dˆαγˆ
αβγ |Ψ〉
)
−
(
〈Ψ|Dˆα
)
εˆ(x)γˆαβγ |Ψ〉
= 〈Ψ|
(
[Dˆα, γˆ
αβγ ]εˆ(x)|Ψ〉
)
− i〈Ψ|εˆ(x)γˆβγ
(
iγˆαDˆα|Ψ〉
)
+ i
(
〈Ψ|iDˆαγˆα
)
γˆβγ εˆ(x)|Ψ〉
= −Γˆαα,ρ(x)〈Ψ|εˆ(x)γˆρβγ |Ψ〉 − Γˆβα,ρ(x)〈Ψ|εˆ(x)γˆαργ |Ψ〉 − Γˆγα,ρ(x)〈Ψ|εˆ(x)γˆαβρ|Ψ〉
−i〈Ψ|εˆ(x)γˆβγ (mˆ|Ψ〉) + i (〈Ψ|mˆ) γˆβγ εˆ(x)|Ψ〉
= −Γˆαα,ρ(x)ρρβγ(x)− Γˆβα,ρ(x)ραργ (x)− Γˆγα,ρ(x)ραβρ(x). (492)
We thus have
Dˆαρ
αβγ(x)
= θµα(x)∂µρ
αβγ(x) + Γˆαα,ρ(x)ρ
ρβγ(x) + Γˆβα,ρ(x)ρ
αργ(x) + Γˆγα,ρ(x)ρ
αβρ(x)
= 0. (493)
The particle current density in 4D is defined by ρα(x), where ρ0(x) is the particle number density, ρi(x), (i = 1, 2, 3)
are the particle current density in 3D. So equation
Dˆαρ
α(x) = 0 (494)
means that the number of particles is conserved. The 4D current density of particles with gauge indices t can be
defined as,
ρα(t) = 〈Ψt|εˆ(x)γˆα|Ψt〉, (495)
where |Ψt〉 is the t gauge element of matter fields, note that no summation is assumed in the above equation.
The spin of the matter particles is related with Sαβγ(x) ≡ 12ραβγ(x), so Sαβγ(x) can be considered as the 4D spin
current density. By definition, the spin current density is
Sαβγ =
1
2
〈Ψ|εˆ(x)(γˆαsˆβγ + sˆβγ γˆα)|Ψ〉
=
1
2
〈Ψ|εˆ(x)γˆαβγ |Ψ〉
(496)
We can find that this spin current density is antisymmetric,
Sαβγ = Sβγα = Sγαβ = −Sγβα = −Sβαγ = −Sαγβ (497)
The divergence equations of the spin current is zero as we have proved,
DˆαS
αβγ = 0. (498)
B. The gauge current density of matter fields
The gauge current density and gauge charge production rate density of matter fields are defined respectively as,
jβa (x) = 〈Ψ|εˆ(x)γˆβ Tˆa|Ψ〉,
ua(x) = −i〈Ψ|mˆaεˆ(x)|Ψ〉
= −i〈Ψ|εˆ(x)[Tˆa, mˆ]|Ψ〉. (499)
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Recall the definition of the gauge current density of matter fields (467), we have an equation,
Dˆαj
α
a = ua. (500)
It means that for matter fields, the changing of the gauge current density equals to the gauge charge production rate
density.
The proof is presented below.
θˆµα(x)∂µj
α
a (x) = θˆ
µ
α(x)∂µ〈Ψ|εˆ(x)γˆαTˆa|Ψ〉
= 〈Ψ|εˆ(x)
(
Dˆαγˆ
αTˆa|Ψ〉
)
−
(
〈Ψ|Dˆα
)
εˆ(x)γˆαTˆa|Ψ〉
= 〈Ψ|εˆ(x)
(
[Dˆα, γˆ
α]Tˆa|Ψ〉
)
+ 〈Ψ|εˆ(x)
(
γˆα[Dˆα, Tˆa]|Ψ〉
)
−i〈Ψ|εˆ(x)Tˆa
(
iγˆαDˆα|Ψ〉
)
+ i
(
〈Ψ|Dˆαγˆαi
)
εˆ(x)Tˆa|Ψ〉
= −Γˆαα,β(x)〈Ψ|εˆ(x)γˆβ Tˆa|Ψ〉+ iCcabAˆbα(x)〈Ψ|εˆ(x)γˆαTˆc|Ψ〉
−i〈Ψ|εˆ(x)Tˆamˆ|Ψ〉+ i〈Ψ|mˆTˆaεˆ(x)|Ψ〉
= −Γˆαα,β(x)jβa (x) + iCcabAˆbα(x)jαc (x) + ua(x) (501)
Thus we can find,
Dˆαj
α
a = θ
µ
α∂µj
α
a + Γˆ
α
α,βj
α
a − iCcabAˆbαjαc = ua. (502)
C. Energy-momentum conservation law of matter fields and gauge fields
Recall the definition of the energy-momentum tensor of gauge fields,
τˆαβ = Fˆ
αρ
a Fˆ
a
βρ −
1
4
δαβ Fˆ
ρσ
a Fˆ
a
ρσ +M
a
b Aˆ
α
a Aˆ
b
β −
1
2
δαβM
a
b Aˆ
ρ
aAˆ
b
ρ. (503)
We can find the following important property of the energy-momentum tensor of gauge fields with the help of Yang-
Mills equation and Eq. (472),
Dˆατˆ
α
β = −jˆαa Fˆ aαβ − Aˆaβ uˆa. (504)
The proof is presented below,
Dˆα(Fˆ
αρ
a Fˆ
a
βρ −
1
4
δαβ Fˆ
ρσ
a Fˆ
a
ρσ)
= (DˆαFˆ
αρ
a )Fˆ
a
βρ + Fˆ
αρ
a (DˆαFˆ
a
βρ)−
1
2
Fˆ ρσa (DˆβFˆ
a
ρσ)
= (DˆαFˆ
αρ
a )Fˆ
a
βρ +
1
2
Fˆαρa (DˆαFˆ
a
βρ + DˆρFˆ
a
αβ + DˆβFˆ
a
ρα)
= −Jˆαa Fˆ aαβ . (505)
From the definition of gauge curvature and the relation between masses of gauge fields and matter fields, also Mab =
Mba,Mab = Gbb′M
b′
a , we have
Dˆα(M
b
aAˆ
α
b Aˆ
a
β −
1
2
δαβM
b
aAˆ
γ
b Aˆ
a
γ)
= Dˆα(M
b
aAˆ
α
b )Aˆ
a
β +M
b
aAˆ
α
b DˆαAˆ
a
β −M baAˆαb DˆβAˆaα + iCacdM baAˆαb AˆcαAˆdβ
= −Aˆaβuˆa +M baAˆαb Fˆ aαβ . (506)
Thus we end the proof.
As we presented, the energy-momentum tensor of matter fields takes the form
tαβ(x) =
i
4
{〈Ψ|εˆ(x)[(γˆαDˆβ + γˆβDˆα)|Ψ〉] + [〈Ψ|(Dˆβ γˆα + Dˆαγˆβ)]εˆ(x)|Ψ〉}
=
1
2
(θµβ t
α
µ + θ
α
µt
µ
β + Γˆ
ρσ
β S
α
ρσ + Γˆ
α
ρσS
ρσ
β + Aˆ
α
βj
α
a + Aˆ
α
a j
α
β ). (507)
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We can find that the energy-momentum tensor is symmetric,
tα,β = tβ,α. (508)
By Dirac equation, the divergence equation for the energy-momentum tensor can be calculated as,
Dˆαt
α
β = F
a
αβj
α
a +A
a
βua. (509)
The proof is presented in the following. We have used the following notations,
t′αβ (x) =
i
2
{〈Ψ|εˆ(x)(γˆαDˆβ |Ψ〉) + (〈Ψ|Dˆβ γˆα)εˆ(x)|Ψ〉}
t′′αβ (x) =
i
2
{〈Ψ|εˆ(x)(γˆβDˆα|Ψ〉) + (〈Ψ|Dˆαγˆβ)εˆ(x)|Ψ〉}. (510)
So we have the expression,
tαβ =
1
2
(
t′αβ + t
′′α
β
)
. (511)
We next consider terms t′αβ and t
′′α
β , respectively.
θµα∂µt
′α
β (x)
=
i
2
{
θµα(x)∂µ〈Ψ|εˆ(x)(γˆαDˆβ |Ψ〉) + θµα(x)∂µ(〈Ψ|Dˆβ γˆα)εˆ(x)|Ψ〉)
}
=
i
2
{
〈Ψ|εˆ(x)
(
Dˆαγˆ
αDˆβ|Ψ〉
)
−
(
〈Ψ|Dˆα
)
εˆ(x)
(
γˆαDˆβ |Ψ〉
)
+
(
〈Ψ|Dˆβγˆα
)
εˆ(x)
(
Dˆα|Ψ〉
)
−
(
〈Ψ|Dˆβ γˆαDˆα
)
εˆ(x)|Ψ〉
}
=
i
2
{
〈Ψ|εˆ(x)
[(
[Dˆα, γˆ
α]Dˆβ + γˆ
α[Dˆα, Dˆβ]− [Dˆβ, γˆα]Dˆα + DˆβγˆαDˆα
)
|Ψ〉
]
−
(
〈Ψ|Dˆαγˆα
)
εˆ(x)
(
Dˆβ |Ψ〉
)
+
(
〈Ψ|Dˆβ
)
εˆ(x)
(
γˆαDˆα|Ψ〉
)
−
[
〈Ψ|
(
Dˆαγˆ
αDˆβ − Dˆβ[Dˆα, γˆα]− [Dˆα, Dˆβ]γˆα + Dˆα[Dˆβ, γˆα]
)]
εˆ(x)|Ψ〉
}
=
i
2
{
〈Ψ|εˆ(x)
[(
−Γˆαα,γ γˆγDˆβ + γˆα(−iΩˆαβ + fˆγαβDˆγ + Γˆγβ,αγˆαDˆγ
)
|Ψ〉
]
−i〈Ψ|εˆ(x)
(
Dˆβmˆ|Ψ〉
)
+ i (〈Ψ|mˆ) εˆ(x)
(
Dˆβ |Ψ〉
)
−i
(
〈Ψ|Dˆβ
)
εˆ(x) (mˆ|Ψ〉) + i
(
〈Ψ|mˆDˆβ
)
εˆ(x)|Ψ〉
+
[
〈Ψ|
(
−DˆβγˆγΓˆαα,γ + (−iΩˆαβ + Dˆγ fˆγαβ)γˆα + Dˆγ γˆαΓˆγβ,α
)]
εˆ(x)|Ψ〉
}
= − i
2
Γˆαα,γ(x)
{
〈Ψ|εˆ(x)
(
γˆγDˆβ|Ψ〉
)
+
(
〈Ψ|Dˆβγˆγ
)
εˆ(x)|Ψ〉
}
+
i
2
Γˆγα,β(x)
{
〈Ψ|εˆ(x)
(
γˆαDˆγ |Ψ〉
)
+
(
〈Ψ|Dˆγ γˆα
)
εˆ(x)|Ψ〉
}
+
1
4
Rˆρσαβ(x)〈Ψ|εˆ(x)(γˆαsˆρσ + sˆρσ γˆα)|Ψ〉+ F aαβ(x)〈Ψ|εˆ(x)γˆαTˆa|Ψ〉
−iAaα(x)〈Ψ|εˆ(x)[Tˆa, mˆ]|Ψ〉
= −Γˆαα,γ(x)t′γβ (x) + Γˆγα,β(x)t′βγ (x) +
1
2
RρσαβS
α
ρσ(x) + F
a
αβ(x)j
α
a (x) +A
a
α(x)ua(x) (512)
Thus we have
Dˆαt
′α
β (x) = θ
µ
α(x)∂µt
′α
β (x) + Γˆ
α
α,γ(x)t
′γ
β (x)− Γˆγα,β(x)t′βγ (x)
=
1
2
Rρσαβ(x)S
α
ρσ(x) + F
a
αβ(x)j
α
a (x) +A
a
α(x)ua(x). (513)
Similarly we have,
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θµα∂µt
′′α
β (x)
=
i
2
{
θµα(x)∂µ〈Ψ|εˆ(x)(γˆβDˆα|Ψ〉) + θµα(x)∂µ(〈Ψ|Dˆαγˆβ)εˆ(x)|Ψ〉
}
=
i
2
{
〈Ψ|εˆ(x)
(
DˆαγˆβDˆ
α|Ψ〉
)
−
(
〈Ψ|Dˆα
)
εˆ(x)
(
γˆβDˆ
α|Ψ〉
)
+
(
〈Ψ|Dˆαγˆβ
)
εˆ(x)
(
Dˆα|Ψ〉
)
−
(
〈Ψ|DˆαγˆβDˆα
)
εˆ(x)|Ψ〉
}
=
i
2
{
〈Ψ|εˆ(x)
[(
[Dˆα, γˆβ ]Dˆ
α|Ψ〉
)]}
+ 〈Ψ|εˆ(x)(γˆβDˆαDˆα|Ψ〉)
+(〈Ψ|Dˆα[Dˆα, γˆβ ])εˆ(x)|Ψ〉
}
− (〈Ψ|DˆαDˆαγˆβ)εˆ(x)|Ψ〉
=
i
2
{
Γˆγα,β〈Ψ|εˆ(x)(γˆγDˆα|Ψ〉) + 〈Ψ|εˆ(x)[γˆβ(Rˆ + Fˆ − Γˆαα,γDˆγ − Aˆaαγˆαmˆa − mˆ2)|Ψ〉]
+ Γˆγα,β(〈Ψ|Dˆαγˆγ εˆ(x)|Ψ〉 − [〈Ψ|(Rˆ + Fˆ + Dˆγ Γˆαα,γ + Aˆaαγˆαmˆa − mˆ2)γˆβ ]εˆ(x)|Ψ〉
}
=
i
2
Γˆγα,β
{
〈Ψ|εˆ(x)(γˆγDˆα|Ψ〉) + (〈Ψ|Dˆαγˆγ)εˆ(x)|Ψ〉
}
− i
2
{
Γˆαα,γ〈Ψ|εˆ(x)(γˆβDˆγ |Ψ〉) + (〈Ψ|Dˆγ γˆβ)εˆ(x)|Ψ〉
}
+
1
4
Rˆρσαβ〈Ψ|εˆ(x)(γˆαsˆρσ + sˆρσ γˆα)|Ψ〉+ F aαβ〈Ψ|εˆ(x)γˆαTˆa|Ψ〉 − iAaα(x)〈Ψ|εˆ(x)mˆa|Ψ〉
= −Γˆαα,γ(x)t′′γβ (x) + Γˆγα,β(x)t′′βγ (x) +
1
2
Rρσαβ(x)Sˆ
α
ρσ(x) + F
a
αβ(x)j
α
a (x) +A
a
α(x)ua(x) (514)
And we have
Dˆαt
′′α
β (x) = θ
µ
α(x)∂µt
′′α
β (x) + Γˆ
α
α,γ(x)t
′′γ
β (x)− Γˆγα,β(x)t′′βγ (x)
=
1
2
Rρσαβ(x)S
α
ρσ(x) + F
a
αβ(x)j
α
a (x) +A
a
α(x)ua(x). (515)
Spin current density Sρσα is completely anti-symmetric tensor, the summation of gravity curvature R
ρσ,α
β for cyclic
indices is zero, so we have
RρσαβS
α
ρσ = R
ρσ,α
β Sρσα
=
1
3
(Rρσ,αβ +R
σα,ρ
β +R
αρ,σ
β )Sˆρσα
= 0 (516)
Summarize the above three equations, we have
Dαt
α
β = θ
µ
α∂µt
α
β + Γ
α
α,γt
γ
β − Γγα,βtβγ
= F aαβj
α
a +A
a
αua. (517)
Comparing the Eq.(504) of gauge fields and Eq.(509) of matter fields, we immediately find that for the total
energy-momentum tensor Tˆαβ = τˆ
α
β + tˆ
α
β , there is the energy-momentum conservation law:
DˆαTˆ
α
β = 0. (518)
D. Leptons and quarks and related projectors
We can define two projectors Pˆ(l) and Pˆ(q) which can project a quantum state onto special states for leptons or
quarks, respectively.
Pˆ(l) = 1−
3
4
λˆ2, (519)
Pˆ(q) =
3
4
λˆ2, (520)
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And the matter fields are decomposed as the superposition of two states for leptons and quarks.
The lepton field and quark field are defined as
|Ψ(l)〉 = Pˆ(l)|Ψ〉, (521)
|Ψ(q)〉 = Pˆ(q)|Ψ〉. (522)
There is no overlaps for lepton field and quark field, so we have the form of superposition,
|Ψ〉 = |Ψ(l)〉+ |Ψ(q)〉. (523)
Here we note that
λˆ2|Ψ(l)〉 = 0|Ψ(l)〉, (524)
λˆ2|Ψ(q)〉 =
4
3
|Ψ(q)〉. (525)
Some properties of the lepton and quark projectors can be found as
[Pˆ(l), Dˆα] = 0,
[Pˆ(q), Dˆα] = 0,
[Pˆ(l), γˆ
α] = 0,
[Pˆ(q), γˆ
α] = 0,
[Pˆ(l), mˆ] = 0,
[Pˆ(q), mˆ] = 0. (526)
From the Dirac equation for matter fields, with the help of the properties of the projectors Pˆ(l) and Pˆ(l), we can
find that the lepton field and the quark field satisfy the Dirac equation, respectively.
(iγˆαDˆα − mˆ)|Ψ(l)〉 = 0,
(iγˆαDˆα − mˆ)|Ψ(q)〉 = 0,
(DˆαDˆ
α − Rˆ− Fˆ + Γˆαα,βDˆβ + Aˆaαγˆαmˆa + mˆ2)|Ψ(l)〉 = 0,
(DˆαDˆ
α − Rˆ− Fˆ + Γˆαα,βDˆβ + Aˆaαγˆαmˆa + mˆ2)|Ψ(q)〉 = 0. (527)
Similarly for the adjoint states of lepton and quark, we also have the following results,
〈Ψ(l)|(iDˆαγˆα − mˆ) = 0,
〈Ψ(q)|(iDˆαγˆα − mˆ) = 0,
〈Ψ(l)|(DˆαDˆα − Rˆ− Fˆ − DˆβΓˆαα,β − Aˆaαγˆαmˆa + mˆ2) = 0,
〈Ψ(q)|(DˆαDˆα − Rˆ− Fˆ − Γˆαα,βDˆβ − Aˆaαγˆαmˆa + mˆ2) = 0. (528)
We then can discuss the current densities for leptons and quarks, respectively. The lepton current density is defined
as
ρα(l)(x) = 〈Ψ(l)|εˆ(x)γˆα|Ψ(l)〉. (529)
We can find the the number of leptons is conserved which is expressed as the following,
Dˆαρ
α
(l) = 0. (530)
Similarly for quarks, the current density takes the form
ρα(q)(x) = 〈Ψ(q)|εˆ(x)γˆα|Ψ(q)〉. (531)
Also the number of quarks is conserved,
Dˆαρ
α
(q) = 0. (532)
The total current density of matter fields can be expressed as the summation of lepton current density and the quark
current density,
ρα = ρα(l) + ρ
α
(q) (533)
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E. Gauge current densities for leptons and quarks
The current densities with different gauges for leptons and quarks are also important properties. The definition
can be simply realized by gauge operators Tˆa. We now define the gauge current density of lepton field as,
j(l)
α
a
(x) = 〈Ψ(l)|εˆ(x)γˆαTˆa|Ψ(l)〉. (534)
The gauge charge production rate density for lepton field takes the form,
u(l)a(x) = −i〈Ψ(l)|mˆaεˆ(x)|Ψ(l)〉. (535)
One can find that for lepton field, the divergence of the gauge current density is equal to the gauge charge production
rate density,
Dˆαj(l)
α
a
= u(l)a. (536)
Similar properties are also satisfied for quark field.
j(q)
α
a
(x) = 〈Ψ(q)|εˆ(x)γˆαTˆa|Ψ(q)〉,
u(q)a(x) = −i〈Ψ(q)|mˆaεˆ(x)|Ψ(q)〉,
Dˆαj(q)
α
a
= u(q)a. (537)
The total gauge current density is the summation of lepton gauge current density and the quark gauge current
density. The total gauge charge production rate density is the summation of lepton and quark gauge charges production
rate densities,
jαa (x) = j(l)
α
a
(x) + j(q)
α
a
(x),
ua = u(l)a + u(l)a (538)
The energy-momentum tensor of lepton field takes the form
t(l)
α
β
(x) =
i
4
{〈Ψ(l)|εˆ(x)[(γˆαDˆβ + γˆβDˆα)|Ψ(l)〉] + [〈Ψ(l)|(Dˆβ γˆα + Dˆαγˆβ)]εˆ(x)|Ψ(l)〉}. (539)
The lepton energy-momentum tensor satisfies the equation,
Dˆαt(l)
α
β
= −F aαβj(l)αa −Aaβu(l)a. (540)
Similarly the energy-momentum tensor of quarks is
t(q)
α
β
(x) =
i
4
{〈Ψ(q)|εˆ(x)[(γˆαDˆβ + γˆβDˆα)|Ψ(q)〉] + [〈Ψ(q)|(Dˆβ γˆα + Dˆαγˆβ)]εˆ(x)|Ψ(q)〉}. (541)
The lepton energy-momentum tensor satisfies the equation,
Dˆαt(q)
α
β
= −F aαβj(q)αa −Aaβu(q)a. (542)
The total energy-momentum tensor is the summation of lepton energy-momentum and the quark energy-momentum,
tαβ = t(l)
α
β
+ t(q)
α
β
. (543)
IX. QUANTUM SYSTEM WITH DISCRETE SPACE-TIME, OBSERVABLE QUANTITIES AND
PARTICLES SCATTERING
We have presented above the unified description of the three fundamental equations. In this section, we hope to
discuss conceptually the quantum system, and how to define the observable physical quantities in 3D space from the
present 4D theory. We will also present the particle scattering results from the representations in this work.
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A. Quantum system
We next present some features of our unified quantum theory. The quantum field we discussed is generally in all
4D coordinate space or in all 4D momentum space. This means that the coordinate and momentum take values in all
4D spaces, x ∈ R4 and p ∈ R4. In our formulas, the integral area should be all 4D space which sometimes is omitted
in the presentation. Here we would like to point out that the integral area should be in the following form,
|Ψ〉 =
∫
R4
Ψst(x)|xst〉d4x =
∫
R4
Ψ˜st(p)|pst〉d4p
eˆ =
∫
R4
θˆµα(x)εˆ
α
µ(x)d
4x =
∫
R4
˜ˆ
θµα(p)εˆ
α
µ(p)d
4p
Aˆ =
∫
R4
Aaα(x)εˆ
α
a (x)d
4x =
∫
R4
Aaα(p)εˆ
α
a (p)d
4p. (544)
In application of our theory, what we consider are 4D coordinate space Mx with a boundary or 4D momentum
space Mp with a boundary. The quantum systems in 4D coordinate space with boundaries and the 4D momentum
space with boundaries all are systems we study.
For boundary 4D coordinate or momentum spaces, the matter fields |Ψ〉, gravity orthogonal vierbein eˆ and the
gauge connection Aˆ can be expressed as,
|Ψ〉 =
∫
Mx
Ψst(x)|xst〉d4x =
∫
Mp
Ψ˜st(p)|pst〉d4p
eˆ =
∫
Mx
θˆµα(x)εˆ
α
µ(x)d
4x =
∫
Mp
θ˜µα(p)εˆ
α
µ(p)d
4p
Aˆ =
∫
Mx
Aaα(x)εˆ
α
a (x)d
4x =
∫
Mp
Aaα(p)εˆ
α
a (p)d
4p. (545)
The 4D quantum theory, in which the space-time is in the sense of general relativity, can be considered as a gen-
eralization of 3D space plus time quantum theory. All physical quantities are considered in the framework of 4D
theory.
Here we have some remarks about the 4D unified quantum theory. (1). A 4D quantum system can be described
completely by the matter wave function Ψst(x), orthogonal vierbein function e
µ
α(x) and the gauge connection function
Aaα. The Dirac equation for matter fields, Einstein equation of gravity and the Yang-Mill gauge equation constitute a
complete description of this quantum system. If we know the boundary condition ∂Mx, the solution of these equations
are fixed then. (2). The 4D unified quantum theory is a local theory in the sense that the interactions are local which
just depend on their neighbors. (3). For a 4D coordinate space Mx with a boundary, the matter fields |Ψ〉 and the
interactions Fˆ can be expanded discretely in 4D momentum space,
|Ψ〉 =
∫
Mx
Ψ(x)|x〉d4x =
∞∑
n=1
Ψ˜(pn)|pn〉.
Fˆ =
∫
Mx
F (x)εˆ(x)d4x =
∞∑
n=1
F˜ (pn)εˆ(pn). (546)
And vise versa, the matter fields |Ψ〉 and the interaction fields Fˆ in 4D momentum space with a boundary, the
coordinate expansion is discrete,
|Ψ〉 =
∞∑
m=1
Ψ˜(xm)|xm〉 =
∫
Mp
Ψ˜(p)|p〉d4p
Fˆ =
∞∑
m=1
F (xm)εˆ(xm) =
∫
Mp
F˜ (p)εˆ(p)d4p. (547)
For a matter field |Ψ〉 and interaction field Fˆ existing simultaneously in 4D coordinate space Mx with a boundary
and in 4D momentum space Mp with a boundary, the expansions are discrete at the same time in coordinate space
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and the momentum space, and the terms in the expansion are finite,
|Ψ〉 =
M∑
m=1
Ψ(xm)|xm〉 =
N∑
n=1
Ψ˜(pn)|pn〉,
Fˆ =
M∑
m=1
F (xm)εˆ(xm) =
N∑
n=1
F˜ (pn)εˆ(pn),
M = N =
∫
Mp
d4x
∫
Mx
d4p. (548)
There are only finite number of quantum events for finite coordinate spaceMx and finite momentum spaceMp. When
the term quantum was first proposed, it means that the energy has an smallest unit and is discrete. In our 4D unified
theory, we can find that the energy, momentum, space-time are all discrete.
B. Observable quantities
We next consider the real world observable quantities from this theory.
In our unified theory, we can define several current densities,in which, three important quantities are the densities
of particle current ρˆ, total gauge current Jˆ defined in Eq. (466) and the energy-momentum tensor Tˆ . The particle
current density is related with the number of particles, the gauge current density can be considered as the source of
gauge fields, the energy-momentum tensor can be considered as the source of gravity. For 4D coordinate space Mx
with a boundary and 4D momentum space Mp with a boundary, the density of particle current, the gauge current
density, the energy-momentum tensor are defined respectively as,
ρˆ = ρα(xˆ)γˆα
=
∫
Mx
ρα(x)γˆαεˆ(x)d
4x
=
∫
Mp
ρ˜α(p)γˆαεˆ(p)d
4p. (549)
Jˆ = Jαa (xˆ)γˆαTˆ
a
=
∫
Mx
Jαa (x)γˆαTˆ
aεˆ(x)d4x
=
∫
Mp
J˜αa (p)γˆαTˆ
aεˆ(p)d4p. (550)
Tˆ = Tαβ γˆα ⊗ γˆβ
=
∫
Mx
Tαβ (x)γˆα ⊗ γˆβ εˆ(x)d4x
=
∫
Mp
T˜αβ (p)γˆα ⊗ γˆβ εˆ(p)d4p. (551)
We then define three production rate densities related with particle numbers, gauge charges and energy-momentum
θˆµα(xˆ)∂µρˆ
α(xˆ) + Γˆββ,αρˆ
α(x) = nˆ(x) (552)
θˆµα(xˆ)∂µJˆ
α
a (xˆ) + Γˆ
β
β,αJˆ
α
a (xˆ) = qˆa(x) (553)
θˆµα(xˆ)∂µTˆ
α
β (xˆ) + Γˆ
σ
σ,αTˆ
α
β = pˆβ(x) (554)
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We define an operator on manifold corresponding to coordinate 4D space Mx and momentum 4D space Mp,
ωˆ = det[eˆαµ(x)]
=
∫
Mx
ω(x)εˆ(x)d4x
=
∫
Mp
ω˜(p)εˆ(p)d4p. (555)
We may notice vierbein eˆαµ appears here, this is an indication of this theory is in general relativity curved space-time.
The trace of this operator is the 4D volume of Mx,
ω = trωˆ. (556)
In 4D space Mx, the number of particles created is denoted as N , it takes the form
N = 〈nˆ, ωˆ〉 = tr(nˆwˆ)
=
∫
Mx
n(x)ω(x)d4x
= (2π)2n˜(0) ∗ ω˜(0) (557)
Similarly, the number of gauge charges created, the energy-momentum created in 4D space Mx can be written as,
Qa = 〈qˆa, ωˆ〉,
Pβ = 〈pˆβ , ωˆ〉. (558)
Generally if we would like to describe a physical quantities in the real world 3D space with time, for example, in
order to find the total particle numbers in 3D area V , we need to make the integral of the 3D area V at a fixed time
point t0,
N3D,t0 =
∫
V
ρ0(x)d3~x. (559)
However, the problems of this equation are: first, one element of particle current density is not general covariance;
second, the 3D manifold V is not covariance and a fixed t0 is not allowed in general relativity. So the calculation for
quantity N3D,t0 is not allowed in the 4D unified theory.
The proper method to find the observable quantities of this theory should be in covariance condition. We can
consider to construct a covariance 4D spaceMx by using the real world 3D space V and a real world short time period
[t0, t0 +∆t],
Mx = V ⊗ [t0, t0 +∆t]. (560)
The observable quantity like particle number takes the form,
〈N〉 =
∫
Mx
ρ0(x)ω(x)d4x
∆t
. (561)
Thus from 4D unified theory, all observable quantities in the real world can be understood as the average quantities
by a short time period ∆t. Similarly, the gauge charge and energy-momentum in 3D space V can be written as,
〈Qa〉 =
∫
Mx
J0a(x)ω(x)d
4x
∆t
,
〈Pβ〉 =
∫
Mx
T 0β (x)ω(x)d
4x
∆t
. (562)
C. Particles scattering
We next will first briefly present a summary of the representations of matter particles, gauge particles and graviton.
Based on those representations, we will then consider the results of scattering of those particles. As we all know the
particle scattering process can be described well by Feynman diagram method, our representations are based on those
results and on the other hand those representation can deduce easily the particles scattering results. Those results
agree with the results by Feynman diagram method.
The following is a summary of the representations of particles.
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1. The state of matter particles takes the form,
|est(p)〉 = |p〉 ⊗ |s〉 ⊗ |t〉, (563)
where p ∈ R4 is the momentum, s = 1, 2, 3, 4 is the spin, the spin representation space is VS(12 , 0)⊕ VS(0, 12 ), so
the matter particles are spin- 12 , t = 1, 2, · · · , 48 corresponds to 48 classes of matter particles.
2. The gauge particles are denoted as,
εˆαa (p) = εˆ(p)⊗ γˆα ⊗ Tˆa, (564)
where p ∈ R4 is the momentum, α = 0, 1, 2, 3, the spin representation space is VS(12 , 12 ) and so they are spin-1,
a = 1, 2, · · · , 12, this means that there are 12 classes of gauge particles.
3. The graviton is denoted as,
εˆαρσ(p) = εˆ(p)⊗ γˆα ⊗ sˆρσ, (565)
where p ∈ R4, α, ρ, σ = 0, 1, 2, 3, the graviton is spin-1. Here we have a particle corresponding to vierbein, its
representation is written as,
εˆαµ(p) = εˆ(p)⊗ γˆα ⊗ pˆµ, (566)
where α = 0, 1, 2, 3, the spin representation space is VS(
1
2 ,
1
2 ), the gauge charge of this vierbein particle are 0, it
is spin-1.
With those representations, we next present the scattering matrices. The 3-vertex scattering matrices for matter
particles and action particles, which include gauge particles, graviton and vierbein particles, are written as,
〈es2t2(p2)|εˆαa (p3)|es1t1(p1)〉 = (γˆα)s2s1(Tˆa)t2t1δ4(p1 + p3 − p2). (567)
This is the case of scattering between matter particles which are fermions with the gauge bosons. Explicitly, we can
see the initial state is |es1t1(p1)〉 defined in (563) which has 4 × 48 choices for gauge and spin altogether, the gauge
boson (564) has 12 × 4 choices, the final state is still a matter particle. The right hand side of the equation is the
scattering result.
Also we have,
〈es2t2(p2)|εˆαρσ(p3)|es1t1(p1)〉 = (γˆαsˆρσ)s2s1δ4(p1 + p3 − p2), (568)
This is the case of scattering between matter particles with the graviton.
〈es2t2(p′′)|εˆαµ(p′′′)|es1t1(p′)〉 = (γˆα)s2s1p′µδ4(p′ + p′′′ − p′′). (569)
The case describes the scattering between matter particles with the vierbein particle related with the propagation of
matter particles in curved space-time.
The 4-vertex scattering matrices represent the scattering between action particles and action particles,
〈εˆα4a4 (p4), εˆα3a3 (p3), εˆα2a2 (p2), εˆα1a1 (p1)〉 = ηα
4α1ηα
3α2Ga4cC
c
a3b
Cba2a1δ
4(p1 + p2 + p2 − p4). (570)
The middle two particles εˆα3a3 (p3), εˆ
α2
a2
(p2) are two gauge particles, each of them can also be graviton and vierbein
particle, so altogether there are 9 cases. For example, we can change the second particle as vierbein particle, the
4-vertex scattering matrix is,
〈εˆα4a4 (p4), εˆα3a3 (p3), εˆα2µ (p2), εˆα1a1 (p1)〉 = ηα
4α1ηα
3α2Ga4cC
c
a3b
p1µδ
4(p1 + p2 + p2 − p4). (571)
Those are the basic scattering matrices, other cases can be deduced from those results.
X. SYMMETRIES AND SYMMETRIES BROKEN AND DARK ENERGY
The energy-momentum conservation law provides us a concrete foundation to confirm our unified theory. Based on
our theory, some fundamental problems may be studied. We next consider several questions.
Symmetries and symmetries broken play a key role in modern physics [19]. They are also important in studying
the physical implications of our theory. In this work, the key parameters are those involved in the three fundamental
equations (453,464,480). Explicitly they are: |Ψ〉, Dˆ, Mˆ , mˆ. For definitions, see |Ψ〉 in (324), derivative operator Dˆ in
(373), and mass related operators mˆ for matter particles in (262), Mˆ for gauge fields in (298).
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A. Unitary transformation
According to the representations, we can define the general transformations as
Uˆ = exp[−i(aµxˆµ + bµpˆµ + α+ 1
2
ωαβ sˆαβ + ξ
aTˆa)]. (572)
Under this transformation, |Ψ〉, Dˆ, Mˆ , mˆ will be changed as,
|Ψ〉 → Uˆ |Ψ〉,
Dˆ → UˆDˆUˆ−1,
Mˆ → UˆMˆUˆ−1,
mˆ → UˆmˆUˆ−1. (573)
Here we define the unitary condition as
Uˆ−1 = Uˆ . (574)
With this unitary transformation, the three fundamental equations remains the same.
B. Mass matrices of elementary particles, color confinement
For gauge theory, physical quantities should be gauge invariance. For the unified theory of this work, all fields
represented by vectors and operators are gauge covariance. Still by proper representations, physical process and
physical quantities are gauge invariance.
A key feature of our theory is that the general mass matrices are defined in gauge space as,
mˆ = mtt′ |et〉 ⊗ 〈et
′
,
Mˆ = Mab Tˆa ⊗ Tˆ b. (575)
We do not need each element of mˆ and Mˆ be fixed. However, the observable physical quantities including mass are
still gauge invariance. By comparison in conventional gauge theory, each element mtt′ and M
a
b of the mass matrices
are gauge invariance and mass in gauge theory is introduced by Higgs mechanism by gauge symmetries breaking.
Mass matrices are representations in gauge space and the only restrictions are three fundamental equations. Thus
in principle, any kind of mass matrices are allowed if no experimental facts are violated. In this sense, no gauge
symmetries breaking is necessary to create mass. So we mean Higgs mechanism is not necessary in this theory. We
remark that the mass matrix itself is gauge covariant while the observable mass which corresponding to eigenvalues
of mass matrix are of course should be gauge invariance. From the proof of the energy-momentum conservation
law, what we use is only the conditions Mab = Mba, mˆ
† = mˆ, no Higgs particles are necessary to play a role in the
energy-momentum tensor.
From the form of mass matrices, we may notice that there exist a symmetry in color charge space. Explicitly, the
mass matrix is SU(3) invariant, for color charges Tˆa, a = 5, 6, · · · , 12 or λˆp, p = 1, 2, · · · , 8, as we already seen that,
[Tˆa, mˆ] = 0. (576)
Thus the solution of the three fundamental equations has this SU(3) symmetry for free boundary condition. Suppose
we have a solution presented as,
Aˆ = Aaα(xˆ)Tˆa ⊗ γˆα,
|Ψ〉 =
∫
R4
Ψst(x)|est〉d4x. (577)
We know that the unitary transformations Uˆ by the color charges on the solution is still a solution,
Aˆ′ = Uˆ AˆUˆ−1,
|Ψ′〉 = Uˆ |Ψ〉. (578)
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Since the existing of this SU(3) symmetry in color charge space, we will never be able to distinguish a single color
state by only mass since this will break this SU(3) symmetry. This also means, a single color quantum state which
corresponds to a single color quark will never been separated and observed. What we observed is always a coherence
of all three color states. This is the result of color confinement. The color confinement is due to the symmetry of
mass matrices. While for weak interactions, no such symmetry exists so there is no confinement. The reason of
confinement is based on the symmetry of mass matrices whose definitions are based on experimental results in gauge
space as in Eq.(262) and in Eq.(298), and also no Higgs mechanism is necessary, it is thus easy to understand why
there is confinement in color space but no confinement in weak space. Gluon is connected only with quarks, the
color confinement also implies the confinement of gluon. Explicitly, in the above equations, Aˆ′ = Uˆ AˆUˆ−1 implies the
confinement of gluons, and |Ψ′〉 = Uˆ |Ψ〉 implies the confinement of quarks.
Mass is always a basic question in physics. Einstein’s mass-energy equation E = mc2 is well known. In quantum
field theory, we have pˆµpˆ
µ = m2. By this equation, we may understand that mass is defined in momentum space.
However, this form is in general not true in the present theory. What we have is due to the square differential of
Dirac equation as in Eq.(456), it reduces to form pˆµpˆ
µ = m2 only in special case for a free field.
C. Parity violation for weak interactions
The left chiral projector and the right chiral projector are defined respectively as,
PˆL =
1
2
(1 + γˆ5),
PˆR =
1
2
(1− γˆ5). (579)
Those two projectors satisfy the relations,
Pˆ(L) = Pˆ(R),
Pˆ(R) = Pˆ(L),
Pˆ(L)γˆ
α = γˆαPˆ(R),
Pˆ(R)γˆ
α = γˆαPˆ(L),
[Pˆ(L), Dˆα] = [Pˆ(R), Dˆα] = 0,
[Pˆ(L), mˆ] = [Pˆ(R), mˆ] = 0. (580)
So the left chiral field and the right chiral field can then be defined as,
|Ψ(L)〉 = Pˆ(L)|Ψ〉,
|Ψ(R)〉 = Pˆ(R)|Ψ〉. (581)
The properties can be found as,
γˆ5|Ψ(L)〉 = (+1)|Ψ(L)〉,
γˆ5|Ψ(R)〉 = (−1)|Ψ(L)〉. (582)
The adjoint states have following relations, note that L and R are exchanged,
〈Ψ(L)| = 〈Ψ|Pˆ(R),
〈Ψ(R)〉 = 〈Ψ|Pˆ(L),
〈ˆΨ(L)|γ5 = 〈Ψ(L)|(−1),
〈Ψ(R)|γˆ5 = 〈Ψ(R)|(+1). (583)
When applying those projectors onto the Dirac equation, we have the equations,
iγˆαDˆα|Ψ(R)〉 = mˆ|Ψ(L)〉, (584)
iγˆαDˆα|Ψ(L)〉 = mˆ|Ψ(R)〉. (585)
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For adjoint states, we have
〈Ψ(R)|Dˆαγˆαi = 〈Ψ(L)|mˆ, (586)
〈Ψ(L)|Dˆαγˆαi = 〈Ψ(R)|mˆ. (587)
The isospin doublet projector and the isospin singlet projector are defined as,
PˆD =
4
3
Iˆ2,
PˆS = 1− 4
3
Iˆ2, (588)
here, Iˆ2 is the summation of squares of three elements of isospin. We can prove that,
Pˆ(D) = Pˆ(D),
Pˆ(S) = Pˆ(S),
[Pˆ(D), γˆ
α] = [Pˆ(S), γˆ
α] = 0,
[Pˆ(D), Dˆα] = [Pˆ(S), Dˆα] = 0,
Pˆ(D)mˆ = mˆPˆ(S),
Pˆ(S)mˆ = mˆPˆ(D). (589)
The isospin doublet state and the isospin singlet state are
|ΨD〉 = PˆD|Ψ〉,
|ΨS〉 = PˆS |Ψ〉. (590)
Applying the projection onto the Dirac equation, we can find two equations,
iγˆαDˆα|Ψ(D)〉 = mˆ|Ψ(S)〉, (591)
iγˆαDˆα|Ψ(S)〉 = mˆ|Ψ(D)〉. (592)
Next we define two new projectors corresponding to normal particles and anomaly particles, respectively,
Pˆ(a) = Pˆ(L)Pˆ(D) + Pˆ(R)Pˆ(S) =
1
2
(1 + γˆ5Hˆ), (593)
Pˆ(n) = Pˆ(R)Pˆ(D) + Pˆ(L)Pˆ(S) =
1
2
(1− γˆ5Hˆ). (594)
We can find the following properties for those two projectors,
Pˆ(a) = Pˆ(n),
Pˆ(n) = Pˆ(a),
Pˆ(a)γˆ
α = γˆαPˆ(n),
Pˆ(n)γˆ
α = γˆαPˆ(a),
[Pˆ(a), Dˆα] = [Pˆ(n), Dˆα] = 0,
Pˆ(a)mˆ = mˆPˆ(n),
Pˆ(n)mˆ = mˆPˆ(a). (595)
The quantum states of normal particles and anomaly particles are,
|Ψ(a)〉 = Pˆ(a)|Ψ〉, 〈Ψ(a)| = 〈Ψ|Pˆ(a), (596)
|Ψ(n)〉 = Pˆ(n)|Ψ〉, 〈Ψ(n)| = 〈Ψ|Pˆ(n). (597)
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We can find that the normal particle state and the anomaly particle state satisfy the Dirac equation, respectively,
iγˆαDˆα|Ψ(a)〉 = mˆ|Ψ(a)〉, (598)
iγˆαDˆα|Ψ(n)〉 = mˆ|Ψ(n)〉. (599)
Since normal particles and the anomaly particles independently satisfy their Dirac equations, the type of normal
particles and the type of anomaly particles do not evolve into each other. The particles in our world are all normal
particles, there does not exist anomaly particles. We know that chiral left state only corresponds to isospin doublet
state, while chiral right state only corresponds to isospin singlet state. Since the chiral left state involves into the
weak interactions, chiral right state does not involves into the weak interactions, the consequence is that for weak
interactions, there is only chiral left state. This is the conclusion that there is no parity conservation law for weak
interactions [21]. Here we can see that the parity violation can be explained naturally in our theory.
D. Gravity and CPT violation
CPT is a combined transformation of charge conjugation, space reversal and time reversal. It is known that the
Standard Model are symmetric under CPT transformation. Here we would like to discuss the relationships between
gravity and CPT violation.
Since the theory of this work is in the framework of general relativity, there is no independent space reversal and time
reversal. What we have is a combined PT reversal, the momentum operator transforms as, pˆµ → −pˆµ, µ = 0, 1, 2, 3.
We define the charge conjugation transformation as,
Tˆa → −Tˆa. (600)
Under CPT transformation, we have γˆα → −γˆα, while spin operators remain the same sˆαβ → sˆαβ . Recall the
definition of the general covariance derivative operator in (373), Dˆα = −iθˆµα ⊗ pˆµ + i2 Γˆρσα ⊗ sˆρσ − iAˆaα ⊗ Tˆa, and also
consider that always the form γˆαDˆα appeares in fundamental equations, it transforms as
γˆαDˆα → −iθˆµαγˆα ⊗ pˆµ −
i
2
Γˆρσα γˆ
α ⊗ sˆρσ − iAˆaαγˆα ⊗ Tˆa. (601)
One may notice that the first and the third terms are invariant under CPT transformation, while the second term
which is related with gravity field changes its symbol from positive to negative. Also we know that mˆ, Mˆ are invariant.
Consider that γˆαDˆα involves into Dirac equation and Yang-Mills equation, we can conclude that the gravity field will
cause CPT violation. In case Γˆρσα = 0, which means there is no gravity field, the CPT symmetry remains.
In general it is considered that the CPT symmetry represents the symmetry between particle and antiparticle. The
result that gravity will cause CPT violation means that gravity is not symmetric for particles and antiparticles. This
is understandable since gravity force is always attractive for particle and antiparticle.
E. A dark energy solution
The observed evidences [22, 23] show that the expansion of the universe is accelerating. Also, by the data from
the Wilkinson Microwave Anisotropy Probe (WMAP) [24] and other teams, the universe is flat, homogeneous, and
isotropic and the distribution of baryonic matter and radiation, dark matter and dark energy is approximately: 4.5%,
23% and 72%. The dark energy is homogeneous, nearly independent of time and the density is very small which is
around ρΛ = 10
−29g/cm3. The dark energy is not known to interact through any of the fundamental forces except
gravity. The gravitational effect of dark energy approximates that of Einstein’s cosmological constant, it has a strong
negative pressure which can explain the observed accelerating universe. Still there are some other models about it.
Presently it seems that there is no general accepted quantum theory of dark energy, actually the Planck energy density
which is the expected candidate is about 120 orders of magnitude larger than the dark energy.
Based on the unified theory of the present work, here we propose a dark energy solution. We assume: (a) There is
no matter or matter particles, |Ψ〉 = 0, jaα = 0; (b) There is no gravity Γρσα = 0; (c) The gauge potential is constant,
∂µA
a
α = 0. Recall the definition in Eq. (442), we find the gauge curvature now takes the form
F aαβ = −iCabcAbαAcβ . (602)
Substitute the gauge curvature into Yang-Mills equation in (464), we have,
DαF aαβ =M
a
b A
b
β , (603)
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so,
− iCabcAb,αF cαβ =Mab Abβ . (604)
Thus the equation is,
− CabcCcdeAb,αAdαAeβ =MaeAeβ . (605)
One solution of this equation is Aeβ = 0, it is trivial and we do not discuss it. Next, we shall consider the solution,
− CabcCcdeAb,αAdα =Mae . (606)
Consider that,
Fαρa F
a
βρ = −CabcCadeAb,αAc,ρAdβAeρ
=
(
CbcaC
a
edA
c,ρAeρ
)
Aαb A
d
β
= −M bdAαbAdβ , (607)
where the solution (606) is used in the last equation. Also we have,
F ρσa F
a
ρσ = −M bdAρbAdρ. (608)
Substituting those results to the energy-momentum tensor of gauge fields (479), we can find that,
ταβ = −
1
4
δαβM
a
b A
ρ
aA
b
ρ. (609)
The explicit form of this energy-momentum tensor depends on the solution of equation (606) if the exact mass matrix
Mae is given. Please note here this energy-momentum tensor will provide a cosmological constant.
Next, we assume: (d) The candidate of dark energy is related with the elementary particle gluon. For this case,
the mass matrix of gluon takes the form,
Mae = m
2δae , (610)
where m is the mass of gluon, with the help of the solution of Yang-Mills equation (606), we have,
m2 = −CabcCcdeAb,αAdα
= −g23GbdAb,αAdα
= −g23AαdAdα, (611)
where g3 is the coupling constant as presented in (214). Consider also the form of mass matrix of gluon, the energy-
momentum tensor of gauge field is,
ταβ = δ
α
β
m4
4g23
. (612)
Recall our assumption (a) which means the energy-momentum tensor of matter fields is zero, the total energy-
momentum tensor is
Tα,β = ηαβ
m4
4g23
, (613)
where ηαβ is the Minkowski metric. Please note that no boundary condition is used to obtain this solution, and it can
be assumed to be valid for universe. Recall the Einstein equation in (480), it is now clear that the energy-momentum
tensor here (613) corresponds to Einstein’s cosmological constant. So we conclude that the density of the dark energy
ρΛ is,
ρΛ =
m4
4g23
. (614)
In Standard Model and also in our theory, g3 ≈ 1.22, consider that the density of the dark energy ρΛ ≈ 10−29g/cm3,
we can estimate that the mass of gluon is around 10−3eV ∼ 10−2eV . It is theoretically accepted and experimentally
confirmed that the mass of gluon is zero, here we can see that the estimated mass of gluon is very small thus it should
not have detectable effects on present experiments.
Let’s list some properties of the present theory of dark energy and show that this result is reasonable.
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1. The elementary particle gluon does not interact through electrical force, does not have weak interactions, its
mass is very small. And further there is the confinement of gluon due to color confinement, A free gluon is
thus impossible or hard to be detected directly in experiments. The solution of gluon is a 0-mode solution,
the momentum is zero since of the constant gauge potential (c) and correspondingly it does not change in 4D
coordinate space. That means it is invariant in 4D space-time and the gluon will not cause any energy excitation,
it is like the vacuum state. Except gravitational effects, our theory shows that there will be no interactions
available now and in the future. All of those agree with the properties of dark energy. Here we would like to
emphasize again that the unified theory of the present work itself does not assume that the gluon is the only
candidate for dark energy since Eq.(609) always provides a cosmological constant like energy-momentum tensor.
However, the dark energy is generally not assumed to be any matter particles including neutrino, it seems not
photon by observation. We may consider the weak interaction bosons W±, Z0, but they seem too heavy to be
related with the dark energy. We may roughly estimate that ρΛ ≈ m4Z/4g22 ≈ 1043eV 4, it is around 1025g/cm3
which could be a candidate for black hole or the early state of universe but not the dark energy, where g2 ≈ 0.65,
Because of the above reasons, we consider that gluon should be the most possible candidate.
2. We can find that the energy-momentum tensor with our assumptions plays the role of Einstein’s cosmological
constant. The present observations for dark energy, for example in WMAP [24], prefer to the cosmos model of
cosmological constant with equation of state parameter w = −1 within 14% level. Our theory of dark-energy
explains well the origin of the cosmological constant.
3. The mass of gluon in Standard Model is generally assumed to be zero, here we find that the estimated mass
of gluon is very small which is reasonable for present particle experiments. The Standard Model which is very
successful theoretically and experimentally still remains correct. Of course as we mentioned, a massive gluon is
allowed in our 4D unified theory.
4. We would like to remark that our solution of Yang-Mills equation does not use any boundary condition thus it
can be applied to case of universe. It is a fixed constant solution of an equation. On the other hand, for this
existing solution of Yang-Mills equation, the cosmological constant is a reasonable explanation.
5. To find a solution from Yang-Mills equation, we make several assumptions based on the observable facts of
universe. The fact that there is no matter available corresponds to assumption (a). The universe is flat,
homogeneous and isotropic, this is corresponding to assumptions (b) and (c). Those assumptions also lead to
the fact that cosmological constant has an origin from quantum effects and is independent of gravity.
6. We finally comment that the present theory of dark energy shows that our 4D unified theory which is a unification
of quantum mechanics and general relativity can simply explain the dark energy well. This theory should be a
complete theory. Let us emphasize again the structure of our theory: we first have representations, then we use
three fundamental equations to find the results.
XI. CONCLUSIONS AND DISCUSSIONS
Our theory based on the cornerstones of physics, such as the Dirac equation of quantum mechanics, Einstein general
relativity of gravity and Yang-Mills gauge theory. The results deduced from our theory agree well with many basic
facts of physics: such as those already presented in abstract of this work: (1) Graviton is massless; (2) Mass problem
of gauge theory is explained well; (3) Color confinement; (4) Parity violation; (5) CPT violation; (6) Dark energy
can be explained well. Also please note that our gauge representations agree with the basic results of the Feynman
diagram quantum field theory.
Our theory is a unified theory which combines the general relativity and quantum mechanics. This is not only a
long dream in physics, but also it provides a theory for things like black hole or early stage of universe where both
general relativity and quantum mechanics are important. One may already see, as we have presented, the dark energy
is a large scale phenomenon of universe where the general relativity is important, we provide a reasonable explanation
from quantum scale of Yang-Mills equation. The origin of cosmological constant is from the elementary particle.
Two foundations of our theory are; first we formulate three fundamental equations in the framework of general
relativity; second we provide a proper definition of mass; the problems solved in this work generally depends on a
correct concept of mass. We may also notice that gauge condition in gauge theory is in general not arbitrary except
for massless particles such as photon for electromagnetic field.
Here let us discuss further the problem of mass. Our opinion is that the Higgs mechanism is not necessary. The
reasons are the following: (1). From our theory, we may find that mass is defined naturally in gauge space instead of
defining by momentum. In particular, no Higgs particle is introduced, actually from the proof of energy-momentum
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conservation law, as we mentioned, there is no role of Higgs particles. (2). Our theory does not allow a spin-0
elementary particle since it does not interact through gravity, while the Higgs particle is spin-0. (3). We have three
kind of gauge conditions respectively for massless photons, massive weak interaction bosons, and gluons. The gauge
is arbitrary only for massless photons case of electromagnetic field, while the gauge conditions are equations which
should be satisfied for weak interaction bosons and gluons, the necessity of Higgs mechanism does not exist. We thus
prefer the idea that Higgs particle does not exist. On the other hand, one may argue that the mass matrices mˆ, Mˆ
defined in our theory might also be explained as from the Higgs mechanism. Our idea is that since mass matrices
are defined in gauge space depending on experiments, if still an explanation of those matrices is necessary, or further
to discuss the origin of mass, Higgs mechanism is now not a must. Let us note that the experiments for searching of
Higgs particles are on going at Fermilab and will soon become operational in Large Hadron Collider (LHC) at CERN.
As we know the masses of Higgs bosons below 114.4GeV were previously excluded. The result of Fermilab excludes
Higgs bosons between 160GeV ∼ 170GeV [25]. The LHC is designed to make proton-proton collisions at an energy
of 7TeV per beam which can scan 1011eV of Higgs particles in electroweak theory thus it should provide a definite
answer whether Higgs particles exist or not. If no Higgs particle is found in LHC while we still believe in it, one might
go to 1025eV or higher to test grand-unification-theory or super-symmetry theory with gravity.
Our theory provides a new framework of quantum theory. We expect there may be two directions for the future
of our theory. On the one hand, we need to check whether our theory agrees well with all well-established physical
facts, experimentally and theoretically. On the other hand, while our theory is proved to be powerful, we still need
to find some new predictions from our theory. Our comment is that with a new foundation of quantum physics, we
expect that there will be a lot of new results.
We understand that quantum field theory has already been well established. However, its problem is also well-
accepted, the main results are in general relies on the approximation methods. Our theory is exact: we have the
representations of fields and interactions, their properties are governed by three equations, Dirac equation, Einstein
equation and Yang-Mills equation, then we are led to observable quantities. The equations themselves are exact. In
this sense, our theory is quite simple. This theory turns us to the similar route as the Newton classical mechanics:
all are governed by equations.
A brief introduction of the quantization of gravity is presented in Ref.[26]. The present work is a detailed presen-
tation of the whole theory. A brief presentation about mass of gauge field will be published elsewhere [27].
Finally let us recall that the proposed theory provides an unified framework for three fundamental equations. It
could be falsified, but it could not be fudged. To end this paper, we comment that we intend to use the little to get
the big, in Chinese, it is to throw out a brick to attract a jade.
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APPENDIX A: APPENDIX
For self-consistent and convenient, we present the notations, foundations and some detailed calculations of this
work in this appendix.
1. Tensor representation
The 1st-order tensor space T (1) is a n-dimensional space spanned by basis {ei}, (i = 1, 2, · · · , n). A 1st-order tensor
K can be expanded by this basis as
K = Kiei, (A1)
where summation over repeated lower-upper indices is assumed.
The r-th order tensor space T (r) is the tensor product of r 1st-order tensor spaces,
T (r) =
∏
r
⊗T (1) (A2)
The space T (r) is spanned by basis {ei1···ir} expressed as,
ei1···ir = ei1 ⊗ · · · ⊗ eir , (A3)
where i1, · · · , ir = 1, 2, · · · , n. The r-th order tensor can be represented by the this basis as,
K = Ki1···irei1···ir . (A4)
The tensor product of a r-th tensor K and a s-th tensor M is a r + s-th tensor which takes the form
K ⊗M = Ki1···irei1···ir ⊗M j1···jsej1···js = Ki1···irM j1···jsei1···irj1···js . (A5)
The tensor K is symmetric if the tensor remains invariant by permuting the indices of its elements Ki1···irei1···ir .
It is antisymmetric if there is an negative symbol by odd permuting of the indices and remains invariant by even
permutation of the indices. The basis for anti-symmetric tensor can be expressed as
θi1···ir = δ
k1···kr
i1···ir ek1···kr , (A6)
where please note the definition of the generalized Kronecker symbol δk1···kri1···ir takes the form
δk1···kri1···ir =
∣∣∣∣∣∣∣
δk1i1 · · · δk1ir
...
...
...
δkri1 · · · δkrir
∣∣∣∣∣∣∣ . (A7)
When the upper indices is an even permutation of the lower indices, δk1···kri1···ir is 1, it is −1 for odd permutations and 0
for other cases. Any antisymmetric tensor can be expressed as,
ar =
1
r!
ai1···irθi1···ir , (A8)
where parameter ai1···ir is antisymmetric. For n-dimensional spaces tensor product together, the highest antisym-
metric tensor is rank-n antisymmetric tensor. The direct summation of all rank antisymmetric spaces constitute a
antisymmetric space. The summation of the ranks is 2n,
Λ = Λ0 ⊕ · · · ⊕ Λn,
dimΛ = dimΛ0 + · · ·+ dimΛn
= C0n + C
1
n + · · ·+ Cnn
= 2n. (A9)
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Besides computing multiplication and summation, we can define wedge in this antisymmetric space Λ,
αp ∧ βq = (p+ q)!
p!q!
Ap+q(αp ⊗ βq), (A10)
where
Ap+q =
1
(p+ q)!
∑
σ∈P (p+q)
sgn(σ)σ (A11)
is the anti-symmetrized operator, for odd permutation σ, sgn(σ) = −1; for even permutation σ, sgn(σ) = 1. Wedge
has the property,
αp ∧ βq = (−1)pqβq ∧ αp (A12)
2. Metric, covariance tensor and contra-variance tensor
Suppose K,M are the rank-1 tensors in space T (1), the scalar product of those two tensors is a rank-0 tensor, i.e.,
a number, and satisfy the equation,
K ·M =M ·K. (A13)
The scalar products between n rank-1 tensor basis in T (1) can constitute a n× n matrix which is named metric:
gij = ei · ej . (A14)
It is obvious that gij is symmetric,
gij = gji. (A15)
Generally, we demand that the rank of the metric matrix is full, that is its determinant is non-zero,
det{gij} 6= 0. (A16)
With the help of the metric, the scalar product of two rank-1 tensors can be represented as,
K ·M = gijKiM j. (A17)
For a tensor, there is two different indices, the upper indices and the lower indices. The lower indices is called
covariance indices, and the upper indices is called contra-variance indices. If a tensor only has covariance indices,
it is called covariance tensor. A tensor which has only contra-variance indices is called contra-variance indices. If a
tensor has both covariance indices and the contra-variance indices, it is called mixed tensor. The metric gij is called
covariance metric, gij is called contra-variance metric. They satisfy the equations,
gikg
jk = gjkgki = δ
j
i . (A18)
Metric can be represented as a rank-2 symmetric tensor as,
G = gijeij . (A19)
By using contra-variance metric gij and the covariance metric gij , we can realize the rising or lowering the indices of
a tensor. For example, for a rank-1 tensor, we have,
ei = gijej , (A20)
Ki = gijK
j, (A21)
K = Kiei = Kie
i. (A22)
And for a rank-2 tensor, we have,
eii′ = g
ijeji′ , K
i′
i = gijK
ji′ , (A23)
eii
′
= gijgi
′j′ejj′ , Kii′ = gijgi′j′K
jj′ , (A24)
K = Kii
′
eii′ = K
i′
i e
i
i′ = Kii′e
ii′ . (A25)
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If the rank of a tensor is larger than 2, the contraction calculation can be made to this tensor and the rank will
decrease 2. For example, the contraction of a rank-2 tensor may be performed as,
conK = gijK
ij = Kii = g
ijKij . (A26)
The contraction for a rank-3 tensor may be performed as,
conK = gijK
ijkek = K
ik
i ek = g
ijKkijek. (A27)
In general, the contraction for a rank-r (r ≥ 3) can be calculated as,
conK = con(Ki1i2i3···irei1i2i3···ir ) = gi1i2K
i1i2i3···irei1i2i3···ir . (A28)
The tensor transformation is generally defined by the basis transformation. Suppose there are two sets of tensor basis
{ei} and {ei′}, (i, i′ = 1, 2, · · · , n). The transformation between these two sets basis is defined by the transformation
matrix {Li′i },
ei = L
i′
i e
′
i′ . (A29)
The inverse transformation can be found to be
e′i′ = L
−1i
i′ei, (A30)
where L−1ii′ is the inverse transformation matrix and satisfy the equation,
L−1
i
jL
j
k = δ
i
k. (A31)
A general tensor can be expanded in two sets of basis,
K = Kk···i··· e
i···
k··· = K
′k′···
i′··· e
i′···
k′···. (A32)
The transformation between two basis takes the form
ei
′···
k′··· = L
−1k
k′L
i′
i · · · ei···k···. (A33)
So the transformation between the elements of the tensor is,
K ′k
′···
i′··· = L
k′
k L
−1i
i′ · · ·Kk···i··· . (A34)
3. Matrix
The matrix calculation obey the standard law of mathematics. Suppose Aˆ, Bˆ are two n × n matrices, the inner
product of the two matrices is defined as,
〈Aˆ, Bˆ〉 = tr
(
Aˆ†Bˆ
)
= a∗ijbij (A35)
where the upper index † means to take a matrix transposition plus complex conjugation. The inner product of
matrices has the properties:
〈Aˆ, Aˆ〉 ≥ 0,
〈Aˆ, Bˆ〉 = 〈Bˆ, Aˆ〉∗. (A36)
If the inner product of two matrices is zero, 〈Aˆ, Bˆ〉 = 0, we say these two matrices are orthogonal.
In n× n matrix representation space, we can introduce n2 ortho-normal basis,
eˆl, l = 1, 2, · · · , n2,
〈eˆl, eˆl′〉 = tr(eˆ†l eˆl′) = δll′ . (A37)
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An arbitrary n× n matrices can be represented in terms of this basis as,
Aˆ = Aleˆl, (A38)
where the coefficients in the expansion can be calculated as,
Al = 〈eˆl, Aˆ〉 = tr(eˆ†l Aˆ). (A39)
Suppose F (x) is an analytical function, that is F (x) can be expanded by Taylor expansion,
F (x) =
∞∑
l=0
f(l)xl. (A40)
the matrix function F (Aˆ) is defined as,
F (Aˆ) =
∞∑
l=0
f(l)Aˆl. (A41)
The matrix similarity transformation is defined as,
Aˆ′ = LˆAˆLˆ−1. (A42)
The matrix unitary transformation is defined as,
˜ˆ
A = Uˆ AˆUˆ †, (A43)
where Uˆ is an unitary matrix UU † = I, I is the identity.
4. Pauli matrices, Gell-Mann matrices
The Paluli matrices are defined as,
σˆ0 =
(
1 0
0 1
)
, σˆ1 =
(
0 1
1 0
)
,
σˆ2 =
(
0 −i
i 0
)
, σˆ3 =
(
1 0
0 −1
)
. (A44)
Some properties of Pauli matrices can be listed, for example, as,
tr (σµσν) = 2δµν , trσi = 0,
[σˆi, σˆi] = 2iεijkσˆk, {σˆi, σˆj} = 2iδij σˆ0,
σˆiσˆj = δij σˆ0 + iεijkσˆk, σˆ1σˆ2σˆ3 = iσ0. (A45)
The 3× 3 Gell-Mann matrices take the forms,
λˆ0 =
1√
6
 1 0 00 1 0
0 0 1
 , λˆ1 = 1
2
 0 1 01 0 0
0 0 0
 , λˆ2 = 1
2
 0 −i 0i 0 0
0 0 0
 ,
λˆ3 =
1
2
 1 0 00 −1 0
0 0 0
 , λˆ4 = 1
2
 0 0 10 0 0
1 0 0
 , λˆ5 = 1
2
 0 0 −i0 0 0
i 0 0
 ,
λˆ6 =
1
2
 0 0 00 0 1
0 1 0
 , λˆ7 = 1
2
 0 0 00 0 −i
0 i 0
 , λˆ8 = 1
2
√
3
 1 0 00 1 0
0 0 −2
 . (A46)
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Note that for convenience, the Gell-Mann matrices here is slightly different from the standard Gell-Mann matrices by
a whole factor 12 .
The properties of the Gell-Mann matrices can be listed as,
tr
(
λˆpλˆq
)
=
1
2
δpq, (A47)
trλˆp = 0, (p 6= 0), (A48)
[λˆp, λˆq] = ifpqrλˆr, (A49)
{λˆp, λˆq} = dpqrλˆr +
√
6
3
δpqλˆ0, (A50)
where fpqr and dpqr are completely anti-symmetric, the non-zero elements are,
f123 = 1,
f458 = f678 =
√
3
2
,
f147 = −f156 = f246 = f257 = f345 = −f367 = 1
2
, (A51)
and
d118 = d228 = d338 = −d888 = 1√
3
,
d146 = d157 = −d247 = d256 = d344 = d355 = −d366 = −d377 = 1
2
,
d448 = d558 = d668 = −d778 = − 1
2
√
3
. (A52)
5. Vector and its adjoint
A vector |a〉 has an adjoint 〈a| represented as,
〈a| = |a〉. (A53)
It has the property,
α1|a1〉+ α2|a2〉 = α∗1〈a1|+ α∗2〈a2|. (A54)
Each vector of basis {|ei〉} has its adjoint and they all constitute a basis {〈ei|} for the adjoint space V , so the adjoint
of |a〉 = ai|ei〉 takes the form
〈a| = a∗i〈ei|. (A55)
The metric of a linear space V is defined by a basis {|ei〉} and the adjoint basis {〈ei|} by their inner products,
gij = 〈ei|ej〉. (A56)
We know that gij = g
∗
ji, and also we demand that the metric matrix is non-degenerate,
det{gij} 6= 0. (A57)
If all eigenvalues of metric gij are positive, it is the positive metric, and all eigenvalues are negative, it is negative
metric. If the eigenvalues have both positive and negative symbols, it is the indefinite metric. If the metric can be
expressed as gij = ±δij , we say the metric is normalized.
The inner product of vectors |a〉 = ai|ei〉, |b〉 = bi|ei〉 can be expressed by the metric matrix,
〈a|b〉 = a∗i〈ei|ej〉bj = a∗igijbj . (A58)
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As usual, the metric with lower indices is called the covariance metric, the metric with upper indices is called contra-
variance metric which is defined below,
{gij} = {gij}−1 = gˆ−1. (A59)
So we have
gikg
kj = gjkgki = δ
j
i . (A60)
One may find that
〈a|gˆ−1|a〉 ≥ 0, (A61)
this is because,
〈a|gˆ−1|a〉 = gikgkja∗iaj = δji a∗iaj ≥ 0 (A62)
The metric gˆ and its inverse can be used to realize the rising and lower the lower and upper indices. For simplicity,
we denote the vector is expressed in terms of covariance basis {|ei〉}, the adjoint vector is expressed in terms of the
contra-variance basis {〈ej |}, so we have
〈ei| = gij〈ej |,
〈ei|ej〉 = δij ,
〈a| = a∗i〈ei| = a∗i 〈ei|,
a∗i = a
∗jgji,
〈a|b〉 = a∗i bi. (A63)
6. Operator space
A m-dimensional linear space V tensor product with its adjoint space V constitute an operator space. The basis
of the operator space can be constructed by the basis {|ej〉} and the adjoint basis {〈ej|} as the following,
|ei〉 ⊗ 〈ej |, (i, j = 1, 2, · · · ,m), (A64)
where 〈ei| = gij〈ej | = gij |ej〉. An operator A can be expanded in terms of this basis,
Aˆ = Aij |ei〉 ⊗ 〈ej |. (A65)
The behaviors of the operator is the same as the matrix. The follows are some of the properties and some notations,
|a〉 ⊗ 〈b| = aib∗j |ei〉 ⊗ 〈ej |,
AˆBˆ = (AikB
k
j )|ei〉 ⊗ 〈ej |,
[Aˆ, Bˆ] = AˆBˆ − BˆAˆ,
{Aˆ, Bˆ} = AˆBˆ + BˆAˆ. (A66)
The adjoint of the basis of operator space takes the form,
|ei〉 ⊗ 〈ej | = |ej〉 ⊗ 〈ei| = gljgik|el〉 ⊗ 〈ek|. (A67)
The adjoint of an operator can be expressed as,
Aˆ = gikA∗lkglj |ei〉 ⊗ 〈ej | = A
i
j |ei〉 ⊗ 〈ej |, (A68)
where we define,
A
i
j = g
ikA∗lkglj . (A69)
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The adjoint of operators satisfy the properties,
Aˆ = Aˆ,
Aˆ|a〉 = 〈a|Aˆ,
αAˆ = a∗Aˆ,
AˆBˆ = BˆAˆ. (A70)
We can find the adjoint of an operator is related with the hermitian conjugation of this operator by the metric matrix
as,
Aˆ = gˆ−1Aˆ†gˆ. (A71)
The inner product of the operators is defined as,
〈Aˆ, Bˆ〉 = tr
(
AˆBˆ
)
= A
i
jB
j
i
= gikgljA
∗l
kB
j
i . (A72)
The properties of the operator inner product calculation are listed as,
〈Aˆ, Bˆ〉 = 〈Bˆ, Aˆ〉∗,
〈Aˆ, βBˆ + γCˆ〉 = β〈Aˆ, Bˆ〉+ γ〈Aˆ, Cˆ〉,
〈αAˆ+ βBˆ, Cˆ〉 = α∗〈Aˆ, Cˆ〉+ β∗〈Bˆ, Cˆ〉. (A73)
Operators Aˆ, Bˆ are orthogonal if there inner product is zero, 〈Aˆ, Bˆ〉 = 0.
The identity operator is denoted as,
Iˆ = |ei〉 ⊗ 〈ei| = |ei〉 ⊗ 〈ei| = gij |ei〉 ⊗ 〈ej |
= gij |ei〉 ⊗ 〈ej | = gˆ. (A74)
The inverse of an operator is defined as,
Aˆ−1Aˆ = Iˆ . (A75)
And as usual the power zero of an operator is the identity,
Aˆ0 = Iˆ . (A76)
Suppose function F (x) is analytic, the function of an operator is defined through Taylor expansion as,
F (Aˆ) =
∞∑
l=0
f(l)Aˆl (A77)
By applying the identity operator I = |ei〉 ⊗ 〈ei| on a vector |a〉and on its adjoint, or on an operator, they will be
expanded by basis |ei〉,
|a〉 = (|ei〉 ⊗ 〈ei|)|a〉 = ai|ei〉, ai = 〈ei|a〉,
〈a| = 〈a|(|ei〉 ⊗ 〈ei|) = a∗i 〈ei|, a∗i = 〈a|ei〉 = a∗jgji,
Aˆ = (|ei〉 ⊗ 〈ei|)Aˆ(|ej〉 ⊗ 〈ej |) = Aij |ei〉 ⊗ 〈ej |, Aij = 〈ei|Aˆ|ej〉. (A78)
For the identity operator in another basis I = |e′i〉 ⊗ 〈e′i|, we have similar results. The transformation between those
two basis can be obtained as,
|ei〉 = (|e′j〉 ⊗ 〈e′j |)|ei〉 = Lji |e′j〉, (A79)
where Lji = 〈e
′j |ei〉 gives the definition of the transformation elements, and also we have
Lˆ = Iˆ ′Iˆ = Lij|e′i〉 ⊗ 〈ej |. (A80)
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The inverse of the basis transformation takes the form,
|e′i〉 = (|ej〉 ⊗ 〈ej |)|e′i〉 = L−1
j
i |ej〉, (A81)
where L−1ji = 〈ej |e′i〉 and can be represented as,
Lˆ−1 = Iˆ Iˆ ′ = L−1
i
j |ei〉 ⊗ 〈e′j |. (A82)
The transformation matrix and its inverse have the relations,
L−1
i
jL
j
k = 〈ei|e′j〉 ⊗ 〈e′j |ek〉 = 〈ei|ek〉 = δik, (A83)
that is Lˆ−1Lˆ = Iˆ. We also have,
L−1
i
j = 〈ei|e′j〉 = 〈e′j |ei〉∗
= g′ljg
ik〈e′l|ek〉 = gikL∗lk g′lj = L
i
j , (A84)
Lˆ = Lˆ−1. (A85)
7. Metric transformation
With basis {|e′i〉}, the metric can be defined as,
g′ij = 〈e′i|e′j〉. (A86)
By inserting an identity operator Iˆ = gkl|ek〉 ⊗ 〈el| into this equation, we can have,
g′ij = gkl〈e′|ek〉 ⊗ 〈el|e′j〉 = gkl〈e′i|ek〉 ⊗ 〈e′j |el〉∗. (A87)
For different basis, the metric transformation takes the form,
g′ij = Likg
klL∗jl . (A88)
In a concise form, it can be rewritten as,
gˆ′ = LˆgˆLˆ†. (A89)
In a different basis, a vector can be expressed as the following,
|a〉 = ai|ei〉 = a′i|e′i〉 = |a′〉, (A90)
where the coefficients ai and a′i
a′i = 〈e′i|a〉 = 〈e′i|ej〉 ⊗ 〈ej |a〉 = Lijaj , (A91)
ai = 〈ei|a〉 = 〈ei|e′j〉 ⊗ 〈e′j |a〉 = L−1
i
ja
′j . (A92)
Thus the vector transformation has the form,
|a′〉 = Lˆ|a〉. (A93)
Please note that vectors |a〉 and |a′〈 are actually one vector in different basis. Similarly for adjoint vector 〈a|, we have
〈a| = a∗i 〈ei| = a′∗i 〈e′i| = 〈a′|, (A94)
where a′∗i = a
∗
jL
−1j
i , a
∗
i = a
′∗
j L
j
i , and
〈a′| = 〈a|Lˆ−1. (A95)
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The operator transformation has the following results,
Aˆ = Aij |ei〉 ⊗ 〈ej | = A′ij |e′i〉 ⊗ 〈e′j | = Aˆ′. (A96)
We can find that
A′ij = L
i
kA
k
l L
−1l
j ,
Aij = L
−1i
kA
′k
l L
l
j ,
Aˆ′ = LˆAˆLˆ−1. (A97)
Next we will present some results concerning about the transformation for some calculations,
(α|a〉 + β|b〉)′ = α|a′〉+ β|b′〉;
(α〈a| + β〈b|)′ = α〈a′|+ β〈b′|;
〈a′|b′〉 = 〈a|b〉,
(αAˆ + βBˆ)′ = αAˆ′ + βBˆ′,
(Aˆ|a〉)′ = Aˆ′|a〉,
(〈a|Aˆ)′ = 〈a′|Aˆ′,
(AˆBˆ)′ = Aˆ′Bˆ′,
[Aˆ, Bˆ]′ = [Aˆ′, Bˆ′],
{Aˆ, Bˆ}′ = {Aˆ′, Bˆ′},
detAˆ′ = detAˆ,
trAˆ′ = trAˆ,
(Aˆ−1)′ = Aˆ′−1,
[F (Aˆ)]′ = F (Aˆ′),(
Aˆ
)′
= Aˆ′,
〈Aˆ′, Bˆ′〉 = 〈Aˆ, Bˆ〉. (A98)
Those results can be easily proved, for example,
〈a′|b′〉 = 〈a|Lˆ−1Lˆ|b〉 = 〈a|b〉,
Aˆ′ = Lˆ−1AˆLˆ = LˆAˆLˆ−1 =
(
Aˆ
)′
,
〈Aˆ′, Bˆ′〉 = tr(Aˆ′Bˆ′) = tr[LˆAˆLˆ−1LˆBˆLˆ−1] = tr(AˆBˆ) = 〈Aˆ, Bˆ〉. (A99)
8. Direct sum and direct product
The direct sum of the m-dimensional space V1 and the n-dimensional space V2 is a (m+ n)-dimensional space,
V = V1 ⊕ V2. (A100)
Similarly the adjoint can have the same result,
V = V1 ⊕ V2. (A101)
For operator space O1 = V1 ⊗ V1 and O2 = V2 ⊗ V2, the operator space O = V ⊗ V has the decomposition,
O = O1 ⊕O2. (A102)
The vector space V1 has basis {|ei〉}, the metric is denoted as gii′ , (i, i′ = 1, 2, · · · ,m), additionally vector space V2
has basis {|Ej〉}, the metric is Gjj′ , (j, j′ = 1, 2, · · · , n). The basis for the direct sum space V = V1 ⊕ V2 should be,
{|εk〉} = {|ei〉} ∪ {|Ej〉} = {|εk〉; |εi〉 = |ei〉, |εm+j〉} = {|Ej〉}, (A103)
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where k = 1, 2, · · · ,m,m+ 1, · · · ,m+ n. The metric {ηkk′} of direct sum space V can be found to be,
ηkk′ = {gii′} ⊕ {Gjj′}. (A104)
The basis of the adjoint space V can be written as,
〈εk′ | = ηk′k|εk〉. (A105)
The operator basis of the operator space O takes the form |εk′〉 ⊗ 〈εk|.
The direct product calculations for spaces and operators obey the standard method, like the following,
O = O1 ⊗O2,
{|εk〉} = {|εk〉; |εn(i−1)+j〉 = |ei〉 ⊗ |Ej〉},
ηkk′ = {gii′} ⊗ {Gjj′}. (A106)
9. Lie algebra
We next present some basics of Lie algebra and some particular concepts and calculations which have been used in
this paper.
Suppose A is a finite-dimensional linear space over F , and we also defined the commutation calculations on A, then
A is a Lie algebra. The dimension of the Lie algebra is the dimension of the linear space, denoted as dimA.
We can define three kind of calculations, plus, number multiplication and commutation. This defined plus and the
number multiplication constitute the linear space. The commutator of two elements of A is denoted as [Xˆ, Yˆ ]. For
arbitrary Xˆ, Yˆ , Zˆ ∈ A and arbitrary numbers a, b ∈ F , the commutator calculations have the properties, respectively
listed are closed condition, linear and anti-commuting,
[Xˆ, Yˆ ] ∈ A,
[aXˆ + bYˆ , Zˆ] = a[Xˆ, Zˆ] + b[Yˆ , Zˆ],
[Xˆ, Yˆ ] = −[Yˆ , Xˆ]. (A107)
The Jacobi equation takes the form,
[Xˆ, [Yˆ , Zˆ]] + [Yˆ , [Zˆ, Xˆ]] + [Zˆ, [Xˆ, Yˆ ]] = 0. (A108)
If all elements of the Lie algebra are commuting, then A is Abel algebra.
A1 is a subspace of Lie algebra A, and the commutation calculation of elements in A1 is closed, then A1 is a
subalgebra of A.
If A1 is a subalgebra of A, and for arbitrary Xˆ1 ∈ A1 and Xˆ ∈ A, we have [Xˆ1, Xˆ] ∈ A1, then A1 is called the ideal
of A. Lie algebra always has two ideals, {0} and itself A.
If A has no fixed ideal, it is called simple Lie algebra.
If there is no non-Abel ideal which is not {0}, this Lie algebra is called semi-simple Lie algebra. The semi-simple
Lie algebra can be decomposed as the direct sum of simple Lie algebras.
Given two Lie algebras A1 and A2, suppose A1 ∩ A2 = {0} and for arbitrary Xˆ1 ∈ A1, Xˆ2 ∈ A2, we have [Xˆ1, Xˆ2],
the direct sum can thus take the form,
A = A1 ⊕A2 = {Xˆ, Xˆ = Xˆ1 + Xˆ2, Xˆ1 ∈ A1, Xˆ2 ∈ A2}. (A109)
We can find that A is a Lie algebra, the dimension of A is the sum of dimensions A1 and A2, dimA = dimA1+dimA2,
both A1 and A2 are ideals of Lie algebra A.
Suppose A and A′ are two Lie algebras, f maps A to A′, and for arbitrary Xˆ, Yˆ ∈ A, there exist f(Xˆ), f(Yˆ ) ∈ A′
and satisfy
f(aXˆ + bYˆ ) = af(Xˆ) + bf(Yˆ ),
f([Xˆ, Yˆ ]) = [f(Xˆ), f(Yˆ )], (A110)
we mean A and A′ are homomorphism, f is a homomorphism map. If there exists an one to one homomorphism map,
A and A′ are isomorphism.
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For a given Lie algebra A, we can introduce a complete set basis,
{tˆa}, a = 1, 2, · · · , A. (A111)
An arbitrary element X can be expanded by this basis,
Xˆ = xatˆa, (A112)
where xa ∈ F are the coefficients in the expansion. The commutation relation of the basis can be represented as,
[tˆa, tˆb] = C
c
ab tˆc, (A113)
where Ccab are the structure constants. There are altogether (dimA)
3 structure constants. One can check that the
structure constants satisfy the relations,
Ccab = C
c
ba,
CdabC
e
cd + C
d
bcC
e
ad + C
d
caC
e
bd = 0. (A114)
For a given basis, the structure constants are fixed. A given Lie algebra A can be defined by a set of basis {tˆa} and
the structure constants.
With the help of the structure constants, the Cartan metric of a Lie algebra can be defined as,
gab = gba = C
d
acC
c
bd = C
c
bdC
d
ac. (A115)
A Lie algebra is semi-simple, the necessary and sufficient condition is that the Cartan metric is non-degenerate,
det{gab} 6= 0. For an Abel algebra, Cartan metric is always zero, gab = 0.
In our 4D unified quantum theory, we can define a generalized metric Gab for Lie algebra.
1. For a simple algebra, the generalized metric Gab is defined as,
Gab = Gba = ggab = gC
d
acC
c
bd, (A116)
where g ∈ R, 6= 0 is a non-zero real constant, gab is the Cartan metric of simple algebra.
2. For a semi-simple algebra, if it can be constitute as the direct sum of n semi-simple algebras, and the Cartan
metrics for each simple algebra are ga1b1 , · · · , ganbn , the generalized metric is defined as,
Ga1b1 = g1ga1b1 ,
· · · · · · ,
Ganbn = gnganbn , (A117)
where g1, · · · , gn ∈ R, 6= 0.
3. For an Abel algebra, the generalized metric can be defined as,
Gab = Gba,
det{Gab} 6= 0, (A118)
where Gab can be arbitrary real number.
Thus, for arbitrary Lie algebra including semi-simple Lie algebra and the Abel Lie algebra, the generalized metric
is non-degenerate, det{Gab} 6= 0. Thus we can introduce an inverse for this generalized metric,
GabGbc = δ
a
c ,
Gab =
Aab
det{Gab} , (A119)
where Aab is the algebraic complement of element Gab.
We define the covariance structure constant as,
Cabc = GadC
d
bc. (A120)
78
We can find that the covariance structure constants are completely antisymmetric,
Cabc = Cbca = Ccab = −Ccba = −Cbac = −Cacb. (A121)
The contra-variance algebraic basis is defined as,
tˆa = Gab tˆb. (A122)
The rank-n, (n ≥ 2), Casimir operators take the form,
Cˆn = C
b2
a1b1
Cb3a2b2 · · ·Cb1anbn tˆa1 tˆa2 · · · tˆan . (A123)
In particular,for n = 2, the Casimir operator is,
Cˆ2 = C
b2
a1b1
Cb1a2b2 tˆ
a1 tˆa2 . (A124)
One can prove that,
[Cˆn, tˆa] = 0. (A125)
The number of independent Casimir operators is equal to the rank of this Lie algebra.
10. Vectors and operators associated with Lie algebra
Lie algebra A is defined as a linear space, it can be considered as 1-form Lie algebra tensor space,
T (1) = A. (A126)
The tensor basis is {tˆa} in this apace.
We then can define the direct product space of r Lie algebra spaces A as the r-form Lie algebra tensor space,
T (r) =
∏
r
⊗A. (A127)
The tensor basis takes the form,
tˆa1···ar = tˆa1 ⊗ · · · ⊗ tˆar (A128)
The direct sum of all r-form(r = 0, 1, · · · ) spaces constitute the Lie algebra tensor space,
T =
∞∑
r=0
⊕T (r). (A129)
We next present several examples of the Lie algebra tensor:
A constant α can be considered as the 0-form Lie algebra tensor.
An element Xˆ of Lie algebra can be considered as the form-1 Lie algebra tensor, Xˆ = xa tˆa.
The metric of a Lie algebra can be considered as the form-2 Lie algebra tensor,
Gˆ = Gabtˆa ⊗ tˆb = Gab tˆa ⊗ tˆb. (A130)
As we already known, the rising and lowering of the indices can be realized by the metric matrix.
Structure constant can be considered as the type-3 Lie algebra tensor,
Cˆ = Ccab tˆ
a ⊗ tˆb ⊗ tˆc. (A131)
The Lie algebra tensor is similar as the convention tensor, and we can define calculations like plus, number mul-
tiplication, tensor product, contraction. Additionally, we can define the commuting calculation for the Lie algebra
tensor the convention tensor. The commutation relation for tˆa and tˆa1···ar is,
[tˆa, tˆa1···ar ] = C
c
aa1
tˆc···ar + · · ·+ Ccaar tˆa1···c. (A132)
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Two different basis of the Lie algebra A can be transformed to each other as,
tˆa = Λ
b
atˆ
′
b,
tˆ′a = Λ
−1b
a tˆb. (A133)
By the transformation between two different basis, the Lie algebra expansion coefficients, structure constants and
metric changed as the conventional tensor transformations,
Xˆ = xatˆa = x
′a tˆ′a,
x′a = Λabx
b,
C′cab = Λ
−1d
aΛ
−1e
bΛ
c
fC
f
de,
G′ab = Λ
−1c
aΛ
−1c
bGcd,
G′ab = ΛacΛ
b
dG
cd. (A134)
Under this transformation, the calculations of plus, number multiplication and commuting are invariant. The definition
forms of metric and the Casimir operator are invariant. That means that the calculations of Lie algebra and the
properties are independent of the choice of basis.
11. The representation theory of Lie algebra
Suppose M is a set of n × n matrices on F , with the definition of the matrix plus and number multiplication, M
constitute a n2 dimension linear space. For Xˆ, Yˆ ∈M , the matrices commuting calculation can be defined as,
[Xˆ, Yˆ ] = XˆYˆ − Yˆ Xˆ. (A135)
The commutation calculation defined above satisfy the conditions like closed, linear, antisymmetric and Jacobi relation,
and thus M is a n2-dimension Lie algebra. It can be named as the matrix algebra.
Given a Lie algebra A, if we can find a homomorphism map f from A to n×n matrix algebraM , this map f can be
considered as a linear representation of A if additionally the following conditions are satisfied: consider for arbitrary
Xˆ, Yˆ ∈ A, there exist f(Xˆ), f(Yˆ ) ∈M , and
f(aXˆ + bYˆ ) = af(Xˆ) + bf(Yˆ ),
f([Xˆ, Yˆ ]) = [f(Xˆ), f(Yˆ )]. (A136)
f(Xˆ) is the matrix representation of Xˆ . The linear space V of the matrix algebra M is the representation space of
Lie algebra A. The dimension n of space V is the representation dimension of Lie algebra A. The basis of V is the
representation basis. Lie algebra A can be denoted as V (f) or simply V .
In order to give Lie algebra A a representation V (f), we need three conditions:
(1). There is a representation space V .
(2). The representation matrix f(Xˆ) can be given.
(3). The representation can be found to be a homomorphism.
Suppose V (f) is a representation of Lie algebra A, for arbitrary different two elements of A, M has two different
corresponding matrices, this representation is called faithful. Otherwise it is not a faithful representation.
Suppose V1(f1) and V1(f1) are two representations of Lie algebra A, the direct sum of those two representations
can be defined as: First, the representation space V (f) of the direct sum is the direct sum of the two representation
spaces of V1(f1) and V2(f2),
V = V1 ⊕ V2. (A137)
Correspondingly, the dimension of the direct sum representation space is the sum of the two dimensions V1(f1) and
V2(f2),
dimV (f) = dimV1(f1) + dimV2(f2). (A138)
The representation matrix is the direct sum of two representation matrices,
f(Xˆ) = f1(Xˆ)⊕ f2(Xˆ). (A139)
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The homomorphism of the representation V (f) can be proved in following,
[f(Xˆ), f(Yˆ )] = f(Xˆ)f(Yˆ )− f(Yˆ )f(Xˆ)
=
(
f1(Xˆ)⊕ f2(Xˆ)
)(
f1(Yˆ )⊕ f2(Yˆ )
)
−
(
f1(Yˆ )⊕ f2(Yˆ )
)(
f1(Xˆ)⊕ f2(Xˆ)
)
=
(
f1(Xˆ)f1(Yˆ )
)
⊕
(
f2(Xˆ)f2(Yˆ )
)
−
(
f1(Yˆ )f1(Xˆ)
)
⊕
(
f2(Yˆ )f2(Xˆ)
)
= [f1(Xˆ), f1(Yˆ )]⊕ [f2(Xˆ), f2(Yˆ )]
= f1[Xˆ, Yˆ ]⊕ f2[Xˆ, Yˆ ]
= f [Xˆ, Yˆ ]. (A140)
Here we have used the following relations,
[f1(Xˆ), f1(Yˆ )] = f1[Xˆ, Yˆ ],
[f2(Xˆ), f2(Yˆ )] = f2[Xˆ, Yˆ ],
V (f) = V1(f1)⊕ V2(f2). (A141)
If a representation can not be expressed as the direct sum of two representations, this representation is a irreducible
representation, otherwise it is a reducible representation. If all irreducible representations are given for a Lie algebra,
it is equivalent that all representation of this Lie algebra are given.
Suppose V1(f1) and V2(f2) are two representations of Lie algebra A, the direct product V (f) can be defined as
follows:
The direct product representation space is the direct product of two representation spaces of V1(f1) and V2(f2),
V = V1 ⊗ V2. (A142)
The dimension of the multiplication of two dimensions,
dimV (f) = dimV1(f1)× dimV2(f2). (A143)
The matrix representation is defined as,
f(Xˆ) = f1(Xˆ)⊗ Iˆ2 + Iˆ1 ⊗ f2(Xˆ), (A144)
where Iˆ1 and Iˆ2 are identity operators on space V1 and V2, respectively.
The homomorphism of the direct product representation can be proved as follows,
[f(Xˆ), f(Yˆ )] = f(Xˆ)f(Yˆ )− f(Yˆ )f(Xˆ)
=
(
f1(Xˆ)⊗ Iˆ2 + Iˆ1 ⊗ f2(Xˆ)
)(
f1(Yˆ )⊗ Iˆ2 + Iˆ1 ⊗ f2(Yˆ )
)
−
(
f1(Yˆ )⊗ Iˆ2 + Iˆ1 ⊗ f2(Yˆ )
)(
f1(Xˆ)⊗ Iˆ2 + Iˆ1 ⊗ f2(Xˆ)
)
=
(
[f1(Xˆ)f1(Yˆ )]⊗ Iˆ2 + f1(Xˆ)⊗ f2(Yˆ ) + f1(Yˆ )⊗ f2(Xˆ) + Iˆ1 ⊗ [f2(Xˆ)f2(Yˆ )]
)
−
(
[f1(Yˆ )f1(Xˆ)]⊗ Iˆ2 − f1(Yˆ )⊗ f2(Xˆ)− f1(Xˆ)⊗ f2(Yˆ )− Iˆ1 ⊗ [f2(Yˆ )f2(Xˆ)]
)
= [f1(Xˆ), f1(Yˆ )]⊗ Iˆ2 + Iˆ1 ⊗ [f2(Xˆ), f2(Yˆ )]
= f1[Xˆ, Yˆ ]⊗ Iˆ2 + Iˆ1 ⊗ f2[Xˆ, Yˆ ]
= f [Xˆ, Yˆ ], (A145)
where we have used,
[f1(Xˆ), f1(Yˆ )] = f1[Xˆ, Yˆ ],
[f2(Xˆ), f2(Yˆ )] = f2[Xˆ, Yˆ ],
V (f) = V1(f1)⊗ V2(f2). (A146)
Suppose a Lie algebra is a direct sum of two Lie algebras A = A1 ⊕ A2, V1(f1) V2(f2) are representations of Lie
algebra A1 and A2, respectively,
V (f) = V1(f1)⊗ V2(f2). (A147)
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V (f) is the representation of Lie algebra A, the dimension is
dimV (f) = dimV1(f1)× dimV2(f2). (A148)
Suppose Xˆ1 ∈ A1 and has the matrix representation f1(Xˆ1), similarly Xˆ2 ∈ A2, the matrix representation is f2(Xˆ2),
we can find that Xˆ = Xˆ1 + Xˆ2 ∈ A, the matrix representation takes the form,
f(Xˆ) = f1(Xˆ1)⊗ Iˆ2 + Iˆ ⊗ f2(Xˆ2), (A149)
where Iˆ1 and Iˆ2 are identity operators of spaces V1 and V2, respectively. The homomorphism of this representation
can be proved in the following,
[f(Xˆ), f(Yˆ )] = f(Xˆ)f(Yˆ )− f(Yˆ )f(Xˆ)
=
(
f1(Xˆ1)⊗ Iˆ2 + Iˆ1 ⊗ f2(Xˆ2)
)(
f1(Yˆ1)⊗ Iˆ2 + Iˆ1 ⊗ f2(Yˆ2)
)
−
(
f1(Yˆ1)⊗ Iˆ2 + Iˆ1 ⊗ f2(Yˆ2)
)(
f1(Xˆ1)⊗ Iˆ2 + Iˆ1 ⊗ f2(Xˆ2)
)
= [f1(Xˆ1)f1(Yˆ1)]⊗ Iˆ2 + f1(Yˆ1)⊗ f2(Xˆ2) + f1(Xˆ1)⊗ f2(Yˆ2) + Iˆ1 ⊗ [f2(Xˆ2)f2(Yˆ2)]
−[f1(Yˆ1)f1(Xˆ1)]⊗ Iˆ2 − f1(Yˆ1)⊗ f2(Xˆ2)− f1(Xˆ1)⊗ f2(Yˆ2)− Iˆ1 ⊗ [f2(Yˆ2)f2(Xˆ2)]
= [f1(Xˆ1), f1(Yˆ1)]⊗ Iˆ2 + Iˆ1 ⊗ [f2(Xˆ2), f2(Yˆ2)]
= f1[Xˆ1, Yˆ1]⊗ Iˆ2 + Iˆ1 ⊗ f2[Xˆ2, Yˆ2]
= f [Xˆ, Yˆ ], (A150)
where
[f1(Xˆ1), f1(Yˆ1)] = f1[Xˆ1, Yˆ1],
[f2(Xˆ2), f2(Yˆ2)] = f2[Xˆ2, Yˆ2]. (A151)
12. Vector representation and operator representation
Suppose A is a Lie algebra, the algebraic basis is {tˆa}, the structure constant is Ccab, consider that V (f) is a
representation of A, V can be considered as a vector space, and thus V (f) can always be considered as a vector
representation. We can introduce a set of vectors as a basis of space V ,
{|ei〉}, i = 1, 2, · · · , dimV. (A152)
With this vector basis, the algebraic basis have the corresponding matrix representations,
f(tˆa) = (tˆa)
i
j |ei〉 ⊗ 〈ej |,
(tˆa)
i
j = 〈ei|tˆa|ej〉. (A153)
The commutation relations can be expressed as,
[f(tˆa), f(tˆb)] = C
c
abf(tˆc),
(tˆa)
i
j(tˆb)
j
k − (tˆb)ij(tˆa)jk = Ccab(tˆc)ik, (A154)
The relation between the algebraic basis and the vector basis takes the form,
tˆa|ei〉 = (tˆa)ji |ej〉. (A155)
We can have the adjoint vector representation V (f). The adjoint basis in space V takes the form,
{〈ei|}, i = 1, 2, · · · , dimV. (A156)
In the adjoint basis, the algebraic basis has a matrix representation as,
f(tˆa) = (tˆa)
i
j |ei〉 ⊗ 〈ej |,
(tˆa)
i
j = 〈ei|tˆa|ej〉. (A157)
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The commutation relation takes the form,
[f(tˆa), f(tˆb)] = C
c
abf(tˆc),
(tˆa)
i
j(tˆb)
j
k − (tˆb)ij(tˆa)jk = Ccab(tˆc)ik. (A158)
The algebraic basis and the vector basis has a relation,
〈ei|tˆa = 〈ej |(tˆa)ij . (A159)
We can find that actually the vector representation matrix f(tˆa) and the adjoint vector representation matrix f(tˆa)
are actually the same. For simplicity, we may directly denote he matrix representations and the operator by the same
notations,
f(tˆa) = f(tˆa) = tˆa = (tˆa)
i
j |ei〉 ⊗ 〈ej |. (A160)
The operator representation Oˆ(fˆ) is in the representation space Oˆ = V ⊗V constituted by the vector representation
space V and the adjoint vector representation space V . The basis of the operator space is denoted as,
{|ei〉 ⊗ 〈ej |}, i, j = 1, 2, · · · , dimV. (A161)
For operator representation Oˆ(fˆ), the action of algebraic basis representation fˆ(tˆa) is defined by the following com-
mutation relation,
fˆ(tˆa)|ei〉 ⊗ 〈ej | = [tˆa, |ei〉 ⊗ 〈ej |]
= tˆa|ei〉 ⊗ 〈ej | − |ei〉 ⊗ 〈ej |tˆa
= (tˆa)
k
i |ek〉 ⊗ 〈ej | − |ei〉 ⊗ 〈el|(tˆa)jl
= [(tˆa)
k
i δ
j
l − δki (tˆa)jl ]|ek〉 ⊗ 〈el|. (A162)
So we can find the algebraic basis matrix representation takes the form,
fˆ(tˆa) = [(tˆa)
k
i δ
j
l − δki (tˆa)jl ]
[|ek〉 ⊗ 〈el|]⊗ [|ej〉 ⊗ 〈ei|]
= tˆa ⊗ Iˆ − Iˆ ⊗ tˆTa , (A163)
where the upper indices T means the matrix transposition. Note that for matrix representation, the operator repre-
sentation and the basis representation is not the same.
With help of the Jacobi relation deduced from the commutation relation, we can find that,
[tˆa, [tˆb, |ei〉 ⊗ 〈ej |]]− [tˆb, [tˆa, |ei〉 ⊗ 〈ej |]] = [[tˆa, tˆb], |ei〉 ⊗ 〈ej |]
= Ccab[tˆc, |ek〉 ⊗ 〈el|]. (A164)
Thus we can find that fˆ(tˆa) satisfy the homomorphism condition,
fˆ(tˆa)fˆ(tˆb)− fˆ(tˆb)fˆ(tˆa) = [fˆ(tˆa), fˆ(tˆb)]
= fˆ [tˆa, tˆb]
= Ccabfˆ(tˆa). (A165)
The homomorphism can be proved directly by the matrix representation,
[fˆ(tˆa), fˆ(tˆb)] = fˆ(tˆa)fˆ(tˆb)− fˆ(tˆb)fˆ(tˆa)
= (tˆa ⊗ I − I ⊗ tˆTa )(tˆb ⊗ I − I ⊗ tˆTb )− (tˆb ⊗ I − I ⊗ tˆTb )(tˆa ⊗ I − I ⊗ tˆTa )
= (tˆatˆb)⊗ I − tˆb ⊗ tˆTa − tˆa ⊗ tˆTb + I ⊗ (tˆTa tˆTb )
−(tˆbtˆa)⊗ I + tˆa ⊗ tˆTb + tˆb ⊗ tˆTa − I ⊗ (tˆTb tˆTa )
= [tˆa, tˆb]⊗ Iˆ + Iˆ ⊗ [tˆTa , tˆTb ]
= [tˆa, tˆb]⊗ Iˆ − Iˆ ⊗ [tˆa, tˆb]T
= fˆ [tˆa, tˆb]
= Ccabfˆ(tˆc). (A166)
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The adjoint representation space of Lie algebra is the Lie algebra space itself,
V = A. (A167)
The basis of the adjoint representation is the algebraic basis tˆb,
[tˆa, tˆb] = C
c
ab tˆc. (A168)
The matrix representation of the adjoint representation is the structure constant,
(tˆa)
c
b = C
c
ab,
tˆa = {(tˆa)cb}. (A169)
Since the structure constants satisfy the Jacobi relation, we can find the adjoint representation satisfy the homomor-
phism condition,
(tˆa)
d
e(tˆb)
e
c − (tˆb)de(tˆa)ec = CdaeCebc − CdbeCeac
= CeabC
d
ec
= Ceab(tˆe)
d
c . (A170)
The direct product of r Lie algebra representation space of A constitute r-formtensor space,
T (r) =
∏
r
⊗A. (A171)
The tensor basis of T (r) takes the form,
tˆa1···ar = tˆa1 ⊗ · · · ⊗ tˆar (A172)
The action of tˆa on tˆa1···ar is defined b the commutation relation,
[tˆa, tˆa1···ar ] = C
c
aa1
tˆc···ar + · · ·+ Ccaar tˆa1···c. (A173)
The representation matrix of tˆa by tensor representation,
tˆa = {(tˆa)cb} ⊗ Iˆ2 ⊗ · · · ⊗ Iˆr + Iˆ1 ⊗ {(tˆa)cb} ⊗ · · · ⊗ Iˆr + · · ·+ Iˆ1 ⊗ Iˆ2 ⊗ · · · ⊗ {(tˆa)cb}, (A174)
where Iˆ1, Iˆ2, · · · Iˆr are dimA× dimA identity matrices.
The relationships between Lie group and Lie algebra can be found in textbooks of group theory, generally speaking,
the behaviors of Lie group G near the unit identity e is described by the corresponding Lie algebra,
A→ G : g = exp(iXˆ), Xˆ ∈ A, g ∈ G. (A175)
13. The Lie algebra used in 4D unified quantum theory
In 4D unified quantum theory, we have used three Lie algebras, the coordinate-momentum algebra Axp, the spin
algebra AS and the gauge algebra Ag
The coordinate-momentum algebra Axp is a 9-dimension Lie algebra, the algebraic basis is constituted by 4D
coordinate xˆµ, 4D momentum pˆν and the identity. The coordinate-momentum algebra is a very special algebra, its
not Abel, cannot be represented as the direct sum of simple Lie algebras.
The spin algebra AS is a 6D Lie algebra. Its algebraic basis is the 6 spin elements sˆαβ, it has the structure of Lie
algebra D2. The spin algebra is a semi-simple algebra and can be represented as a direct sum of two algebras A1,
AS = A1 ⊕A2. (A176)
The gauge algebra Ag is a 12D Lie algebra. Its algebraic basis is constituted by hypercharge Yˆ , isospin charge
Iˆi and color charge λˆp. The hypercharge Yˆ is the basis for a u(1) algebra, three isospin charges Iˆi provide a basis
for su(2) algebra, eight color charges λˆp constitute a basis for su(3) algebra. The gauge algebra is the direct sum of
u(1), su(2) and su(3),
Ag = u(1)⊕ su(2)⊕ su(3). (A177)
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14. 4D δ-function and convolution
The 4D δ-function is defined as,
δ4(x) = δ(x0)δ(x1)δ(x2)δ(x3). (A178)
Its properties have the following, ∫
Ψ(x′)δ4(x− x′)d4x′ = Ψ(x)∫
δ4(x)d4x = 1,
δ4(−x) = δ(x) (A179)
The definition of the partial differential of the δ-function and its properties can be found as,
δ(1)µ (x− x′) =
∂
∂x′µ
δ(x− x′),∫
Ψ(x′)
∂
∂x′µ
δ4(x− x′)d4x′ = − ∂
∂xµ
Ψ(x),∫
∂
∂xµ
δ4(x)d4x = 0,
∂
∂xµ
δ4(−x) = − ∂
∂xµ
δ4(x) (A180)
We also have,
exp(ip · x) = exp(ipµxµ),∫
exp(ip · x)d4p = (2π)4δ4(x),∫
exp(ip · x)d4x = (2π)4δ4(p). (A181)
The 4D Fourier transformations take the form
Φ˜(p) = (2π)−2
∫
Φ(x) exp(ip · x)d4x,
Φ(x) = (2π)−2
∫
Φ˜(p) exp(−ip · x)d4p. (A182)
The derivative of the Fourier transformation and its multiplication can be written as,
∂
∂pµ
Φ˜(p) = (2π)−2
∫
ixµΦ(x) exp(ip · x)d4x,
∂
∂xµ
Φ(x) = (2π)−2
∫
−ipµΦ˜(p) exp(−ip · x)d4p,
pµΦ˜(p) = (2π)
−2
∫
i
∂
∂xµ
Φ(x) exp(ip · x)d4x,
xµΦ(x) = (2π)−2
∫
−i ∂
∂pµ
Φ˜(p) exp(−ip · x)d4p. (A183)
The Fourier transformations of the δ-function take the following form,
exp(ip · x′) =
∫
δ4(x− x′) exp(ip · x)d4x,
δ4(x− x′) = (2π)−4
∫
exp(ip · x′) exp(−ip · x)d4p,
δ4(p− p′) = (2π)−4
∫
exp(−ip′ · x) exp(ip · x)d4x,
exp(−ip′ · x) =
∫
δ4(p− p′) exp(−ip · x)d4p. (A184)
85
The 4D convolution is defined as,
F (p) ∗G(p) =
∫
F (p′)G(p− p′)d4p′. (A185)
The properties of the 4D convolution are listed as,
F (p) ∗G(p) = G(p) ∗ F (p)
F (p) ∗ [G(p) ∗H(p)] = [G(p) ∗ F (p)] ∗H(p)
F (p) ∗ [G(p) +H(p)] = F (p) ∗G(p) + F (p) ∗H(p) (A186)
Suppose F (p) ∗G(p) = K(p), we can find that,
F (p− p′) ∗G(p) = F (p) ∗G(p− p′) = K(p− p′). (A187)
The derivative of the convolution is,
∂
∂pµ
[F (p) ∗G(p)] =
[
∂
∂pµ
F (p)
]
∗G(p) = F (p) ∗
[
∂
∂pµ
G(p)
]
. (A188)
The convolution of the 4D δ-function take the form,
F (p) ∗ δ(p) = F (p), (A189)
F (p) ∗ ∂
∂pµ
δ(p) =
∂
∂pµ
F (p). (A190)
The Fourier transformation of the convolution,
F (x)G(x) = (2π)−2
∫
R4
[
F˜ (p) ∗ G˜(p)
]
exp(−ip · x)d4p,
F˜ (p) ∗ G˜(p) = (2π)−2
∫
R4
[F (x)G(x)] exp(ip · x)d4x,
F (x) ∗G(x) = (2π)−2
∫
R4
[
F˜ (p)G˜(p)
]
exp(−ip · x)d4p,
F˜ (p)G˜(p) = (2π)−2
∫
R4
[F (x) ∗G(x)] exp(ip · x)d4x. (A191)
[1] Einstein, A. “Zur Elektrodynamik bewegter Ko¨rper”, Annalen der Physik 17, 891 (1905).
[2] Einstein, A. “Die Grundlage der allgemeinen Relativita¨tstheorie ”, Annalen der Physik 49, 769 (1916).
[3] Dirac, P. A. M. “The Quantum Theory of the Electron”, Proc. Roy. Soc. A 117, 610 (1928).
[4] Schro¨dinger, E. “Quantisierung als Eigenwertproblem”, Annalen der Physik 79, 361 (1926).
[5] Feynman, R. P. “Space-Time approach to Quantum Electrodynamics”, Phys. Rev. 76, 769 (1949).
[6] Schwinger, J. S. “Quantum Electrodynamics. III: The Electromagnetic Properties of the Electron: Radiative Corrections
to Scattering”, Phys. Rev. 76, 790 (1949).
[7] Tomonaga, S. “On a Relativistically Invariant Formulation of the Quantum Theory of Wave Fields”, Prog. Theor. Phys.
1, 27 (1946).
[8] Dyson, F. J. “The Radiation Theories of Tomonaga, Schwinger and Feynman”, Phys. Rev. 75, 486 (1949).
[9] M. Gell-Mann, “Isotopic spin and new unstable particles,” Phys. Rev. 92, 833 (1953).
[10] Yang, C. N. and Mills, R. L. “Conservation of Isotopic Spin and Isotopic Gauge Invariance”, Phys. Rev. 96, 191 (1954).
[11] Weinberg, S. “A Model of Leptons”, Phys. Rev. Lett. 19, 1264 (1967).
[12] Salam, A. “Weak and Electromagnetic Interactions”, Proc. Nobel Sym. 1968 at Lerum, Sweden, 267 (1968).
[13] Glashow, S. L. “Partial Symmetries of Weak Interactions”, Nucl. Phys. 22, 579 (1961).
[14] Gross, D. J. and Wilczek, F. “Ultraviolet Behavior of Non-Abelian Gauge Theories”, Phys. Rev. Lett. 30, 1343 (1973).
[15] Politzer, H. D. “Reliable Perturbative Results for Strong Interactions?”, Phys. Rev. Lett. 30, 1346 (1973).
[16] Nambu, Y. “A ‘superconductor’ model of elementary particles and its consequencies’, talk given at a conference at Purdue
(1960); Nambu, Y. and Jona-Lasinio, G. “A dynamical of elementary particles based on an analogy with superconductivity
I& II”, Phys. Rev. 122, 345 (1961), ibid 124, 246 (1961).
86
[17] Kobayashi, M. and Maskawa, K. “CP violation in the renormalizable theory of weak interactions”, Progr. Theor. Phys.
49, 652 (1964).
[18] ’t Hooft, G. and Veltman, M. J. G. “Regularization and renormalization of gauge fields”, Nucl. Phys. B 44, 189 (1972).
[19] Scientific Background of the Nobel Prize in Physics 2008, Broken Symmtries, available at http://nobelprize.org/
[20] Weinberg, S. Dreams of a Final Theory: The Search for the Fundamental Laws of Nature, (Hutchinson Radius, London,
1993).
[21] Lee, T. D. and Yang, C. N. “Question of parity conservation in weak interaction”, Phys. Rev. 104, 254 (1956).
[22] Riess, A. G. et al. “Observational evidence from supernovae for an accelerating universe and a cosmological constant”,
Astronomical J. 116, 1009 (1998).
[23] Perlmutter, S. et al. “Meassurements of omega and lambda from 42 high-redshift supernovae”, Astronomical J. 517, 565
(1999).
[24] Komatsu, E. et al. “Five-year Wilkinson Microwave Anisotropy Probe observations: cosmological interpretation”, available
at http://map.gsfc.nasa.gov/
[25] Craig Group (CDF Collaboration), “Higgs boson searches at CDF”, eprint arXiv:0905.4267.
[26] Zhu, C. Y. and Fan, H. “A new quantum theory of gravity in the framework of general relativity”, eprint arXiv:0911.1401
[27] Zhu, C. Y. and Fan, H. “Mass of gauge field”, to appear.
